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Change in Marginal Cost

Shares of Marginal Cost

Since both total and marginal cost depend on output levels
and input prices, we start by considering marginal share of
each input price

θi =

∂ (piqi )

∂z
∂C

∂z

i = 1, · · · n (1)

Based on this definition, we define a Firsch price index for
inputs as

d (ln (P ′)) =
n∑

i=1

θid (ln (pi )) (2)
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Completing the single output model

d

[
ln

(
∂C

∂z

)]
=

(
γ

ψ
− 1

)
d ln (z) + d ln

(
P ′
)

1

ψ
= 1 +

1

γ2
∂2 ln (C )

∂ ln (z) ∂ ln (z)

(3)
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Multiproduct Firm

Expanding the production function to a multiproduct
technology

h (q, z) = 0

m∑
r=1

∂h (q, z)

∂ ln (zr )
= −1

(4)

Expanding the single-product proof

L (q, ρ) =
n∑

i=1

piqi − ρh (q, z) (5)

Computing the first-order conditions

∂L (q, ρ)

∂ ln (qi )
= piqi − ρ

∂h (q, z)

∂ ln (qi )
= 0 i = 1, · · · n (6)

Charles B. Moss Multi-Product Firm



Change in Marginal Cost
Multiproduct Firm

Continued
Now we replicate some of the steps from the preceding lecture,
allowing for multiple outputs.

Taking the differential of the first-order condition with respect
to each output

piqi
∂ ln (qi )

∂ ln (zr )
− ρ

∂h (q, z)

∂ ln (qi )

∂ ln (ρ)

∂ ln (zr )

−ρ
n∑

j=1

∂2h (q, z)

∂ ln (qi ) ∂ ln (qj)

∂ ln (qj)

∂ ln (zr )
− ρ

∂2h (q, z)

∂ ln (qi ) ∂ ln (zr )
= 0

(7)
Again, note by the first-order condition

piqi = ρ
∂h (q, z)

∂ ln (qi )
(8)
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Continued

Thus

piqi
∂ ln (qi )

∂ ln (zr )
− piqi

∂ ln (ρ)

∂ ln (zr )

−ρ
n∑

j=1

∂2h (q, z)

∂ ln (qi ) ∂ ln (qj)

∂ ln (qj)

∂ ln (zr )
− ρ ∂2h (q, z)

∂ ln (qi ) ∂ (zr )
= 0

(9)

With

fi =
piqi
C

(F − γH)
∂ ln (q)

∂ ln
(
z ′
) − F ι

∂ ln (ρ)

∂ ln
(
z ′
) = γH∗

(10)
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Differentiating with respect ot input prices yields the same
result as before

(F − γH)
∂ ln (q)

∂ ln
(
p′
) − F ι

∂ ln (ρ)

∂ ln
(
p′
) = −F (11)

Slightly changing the preceding derivation by differentiating
the production function by a vector of output levels, holding
prices and other outputs constant yields

n∑
i=1

∂h (q, z)

∂ ln (qi )

∂ ln (qi )

∂ ln (zr )
+
∂h (q, z)

∂ ln (zr )
= 0 (12)

Multiplying through by γ yields

n∑
i=1

γ
∂h (q, z)

∂ ln (qi )

∂ ln (qi )

∂ ln (zr )
+ γ

∂h (q, z)

∂ ln (zr )
= 0 (13)
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Continued

Using the tired first-order conditions

piqi − ρ
∂h (q, z)

∂ ln (qi )
= 0⇒ piqi

C
− γ ∂h (q, z)

∂ ln (qi )
= 0

⇒ fi = γ
∂h (q, z)

∂ ln (qi )

⇒
n∑

i=1

γ
∂h (q, z)

∂ ln (qi )

∂ ln (qi )

∂ ln (zr )
+ γ

∂h (q, z)

∂ ln (zr )

=
n∑

i=1

γfi
∂ ln (qi )

∂ ln (zr )
+ γ

∂h (q, z)

∂ ln (zr )

(14)
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Continued

With

gr = −∂h (q, z)

∂ ln (zr )
=

zr
ρ

∂C

∂zr

n∑
i=1

fi
∂ ln (qi )

∂ ln (zr )
+ γ

∂h (q, z)

∂ ln (zr )
=

n∑
i=1

γfi
∂ ln (qi )

∂ ln (zr )
− γgr = 0

n∑
i=1

γfi
∂ ln (qi )

∂ ln (zr )
− γgr = 0⇒ ι′F

∂ ln (q)

∂ ln (z ′)
= γg ′

(15)
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Continued

Differentiating the production function with respect to yields

n∑
i=1

∂h (q, z)

∂ ln (qj)

∂ ln (qj)

∂ ln (pi )
= 0⇒ ι′F

∂ ln (q)

∂ ln (p′)
= 0 (16)

Collecting these equations

Differentiating the first-order conditions with respect to ln (z ′)

(F − γH)
∂ ln (q)

∂ ln (z ′)
− F ι

∂ ln (ρ)

∂ ln (z ′)
= γH∗ (17)

Differentiating the first-order conditions with respect to ln (p′)

(F − γH)
∂ ln (q)

∂ ln (p′)
− F ι

∂ ln (ρ)

∂ ln (p′)
= −F (18)
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Continued

Differentiating the production function with respect to ln (z ′)

ι′F
∂ ln (q)

∂ ln (z ′)
= γg ′ (19)

Differentiating the production function with respect to ln (p′)

ι′F
∂ ln (q)

∂ ln (p′)
= 0 (20)

System differential

[
F − γH ιF
ι′F 0

]
∂ ln (q)
∂ ln

(
z ′
) ∂ ln (q)

∂ ln
(
p′
)

− ∂ ln (ρ)
∂ ln

(
z ′
) − ∂ ln (ρ)

∂ ln
(
p′
)
 =

[
γH∗ −F
γg ′ 0

]
(21)
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