Lecture V: Mean Variance — II - Derivation of
the Minimum-Variance Frontier,
Minimum-Variance Portfolio, and the Efficient
Set with a Risk-Free Asset
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I. Derivation of the Minimum-Variance Frontier
A. The minimum-variance frontier is the locus of points that repre-
sent the minimum-variance for a given return.
B. Mathematical Derivation

1. General Formulation

N
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2. Mean-variance frontier without a risk-free asset (see Lecture
4 for more details)
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Figure 1: Expected Value — Standard Deviation Frontier

3. Example:

0.0076  —0.0008 —0.0042
Y= | —0.0008 0.0218  0.0035
—0.0042 0.0035  0.0136

0.1355
0.0735
0.0017

Therefore A = 1'S7'1 = 364.5317 , B = 2’711 = 30.2867,
and C' = Z’Y717 = 3.1256. Taking p = 0.05 yields

Y
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A= 0.0073
= —0.0543
0.3266

w* = | 0.0639
0.6095

Zw = 0.05
w'Yw = 0.0045

Duplicate for p = 0 to 0.25.

II. Minimum Variance Portfolio

A. We can define the minimum-variance portfolio as the lowest pos-
sible variance portfolio attainable from a given set of assets as

depicted graphically in Figure 2

N

Figure 2: Minimum Variance Portfolio
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B. Mathematical Derivation

wSw =w'E (AZT'1+957'2)
= I Fyu'EE Tz
= 'l +yuw'z
= A +yu

~ C—uB wA— B
“ac—p2 " ac-p*

_ C—uB+p’A—Bpu

_A,uQ—QB,u+C'
- AC-B?

To find the minimum

dai (1) _ 2Apn — 2B _
du AC — B?

B

(BJA)*A—2(BJ/A)B+C
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AC - B2 A

In this example
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30.2867

= ——— =10.08308
M= 3645317
o? = 0.0027

C —uB

(7)

0.08308 x 364.5317 — 30.2867
= . © = —6.3322E — 06 ~ 0
364.5317 x 3.1256 — 30.2867

206.1928
w =\ =)\| 327634
128.7748

C. Slopes of Asymptotes - Depicted in Figure 3

N

Figure 3: Asymptotes
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dp  dp do? A

- = 2 8

do  do’do  24u—2B° (8)
where A = AC — B? is some constant. Note that this is the result
of Green’s Theorem. From Equation 5

dp 1
do? " d
dp
1
= 94,98 (9)
AC — B?
N AC — B?
2Apu — 2B

Again, based on the results from Equation 5

2
3 wA—=2uB+C
oo VaE o [1EAZY

(10)
B Vi2A —2uB 4+ C
VA
Therefore
dp A uPA-2uB+C
do  Au— B VA
(11)
VA
= AM_B\/MQA—2MB+C
Taking the limit
i Wy RV A —2But C (12)
pooo do p—soo Ap— B

Focusing on the Au? term because of its magnitude
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Ap Ap VA

Thus the limit becomes

. dp A
i = )

D. Any point on the frontier can be expressed as a linear combination
of two other points on the frontier.

1. From

w* = AT+ 4871z (15)
In the minimum variance portfolio v = 0 = w* = A\X~'1.
2. For the second portfolio use
iz
3. w* = (M)w, + (vB) wg where w, = Y£7'1/A and wy =
¥712/B yielding w* = A\X7'1 + yX 71z, Since AA +vB = 1,
any w* can be written as a linear function of w, and wqy

[C—AuB] A [MAA—B} B_ AC’—MABZpAB—BQ _1
E. In addition
Cov (zg, 2p) = w,Xw,
¥ , et
A R (18)
2 Cov (2, 2p) = %Ewp — 112% _ %

III. Efficient Set with a Riskfree Asset
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1
min Ew'Zw

st(2—R)'w=pu—R

Forming the Lagrangian

1
L= éw’Ew—i—’y (t—R— (22— R1) w)
VoL =%w—-v(Z—R1)=0
7 ( ) (20)
w* =% (2 — R1)
wy=1—-1Tw"=1
Substituting the result for w* back into the constraint yields
(z—Rl)'[y2'(2—-Rl)] =p—R
V[FE 2 RZST - RIS 24+ RIS =p—R
v[C—2RB—-R*A] =p—R
(21)
_ p—R
T CZ2RB+RA
w=— MR sz gy

C —2RB + R*A



