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Supply Systems

@ The shameless plug is that my other course (AEB 6184)
develops detailed empirical models of firm behavior. One
standard approach is the Shephard dual.

e In the dual cost approach, we hypothesize a dual cost function

C(W,y):mxin w'x 3: f(y,x) =0 (1)

where C (.) is the cost function, w is the vector of input prices,
y is the vector of output levels, x is the vector of input levels,
and f (y,x) = 0 is the production function (specified as an
implicit production function).

e Shephard’s lemma then demonstrates that
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where x* (w, y) is the optimal level of input use conditional on
w and y.
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Dual Envelopes and Flexible Approximations

@ Given this theoretical result, we then specify the cost function
using a flexible approximation to the cost function. For
example, for a two output and three input case we can use a
quadratic approximation
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Dual Envelopes and Flexible Approximations - Contineud

e Applying Shephard’s lemma yields

X1 (w,y) = a1 + Auwy + Aowo + Aizws + y11y1 + 7212
x5 (W, y) = az + Arawr + Apaws + Aozws + Y12y1 + Y22)2
x3 (w,y) = az + Aizwy + Axzws + Aszws + Y13y1 + 7232
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Normalized Quadratic

@ Dividing each of the input prices by the third input price to
impose homogeneity

"Towy 1w 1'[ An A wy
c* _ a1 wy - wy 11 12 1
(w,y) = a0+ |: s wy + 2| wy A1p  Ax wy'

Bl n " 1[y '] Bu B oy | w M1 M2
B2 y2 21 ¥ Bz Bx» 2 wy Y21 Y22
x{ (w,y) = a1 + Auwf + Anw; +y11y1 + 721y2
x5 (W, y) = o + Apwy + Axawy + vi2y1 + Y22y2
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e Note C*(w,y) = (wi/w3) x1 + (wo/w3) X2 + (w3 /w3) x3 =
C(w,y) /ws.
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Normalized Quadratic Likelihood Function

@ Transforming Equation 5 into a statistical model, we start by
rewritting this equation to focus on the errors

! * 1w 1T A A wi
—C* — a1 Wi - 1t 11 12 1t
ett ! (ao " { a2 } { w3, N 2 [ wy Az Az w3, *
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er = x{ (w,y) — (a1 + Auwgy + Aawsy + Y11y + V21y2¢)
€3t = x5 (w,y) — (a2 + Anawyy + Anws, + Y12y1: + ¥222t)

(6)
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Single Equation

o Consider estimating the cost function (without the derived
demand equations) from 6. The likelihood function can be
written as
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Single Equation First and Second Order Conditions

@ Taking the derivative of the log-likelihood function

Vol (6 2 Zﬂtve (wt, yt) (8)

@ The derivative of the cost functlon is basically the vector of
independent variables

* _ * * 1., % % * %
VoC™ (we,y) =[ 1 wj, w; WitWir  WieWor

t 2 %W;th*t T W3Yat } (9)

e Taking the derivative of gradient (derivative of Equation 8
with respect to 6)

T
vg@ 2 Z VQC th_yt)]/ VHC* (Wt7Yt) (10)
1 =1
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Newton - Raphson

@ Most empirical applications of maximum likelihood use an
iterative solution approach to solve for the zero of the
gradient.

@ More of this in the fall, but we start with a best guess 6.

o Given this initial guess, we solve for a better guess of the zero

b1 =60 — [V3,L(0)] " VoL (60) (1)

@ Next, we test for the new solution solving VL (61) =0
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@ The multiple equation counterparts to Equations 8, 10, and

t=1

C* (we, yt) (12)
Z (Wi, ye) = x4 (W, yi)
X3 (Wt,}’t)
-

1 ’ oy
Vool (0) = =5 D [VoZ (we,ye)] Q7' Z (we, ye)

-
1 _
VQL(O) = 5 E €1:Q 1VGZ(Wt7yt)

t=1
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