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* Khuri, A.I. 1993. Advanced Calculus with Applications in
Statistics. John Wiley & Sons.

* Moss, C.B. 2010. Static and Dynamic Optimization for
Agricultural and Resource Economics Draft Textbook.
(Chapter 2 pp. 15-40)

* Popper, K. 2010. The Logic of Scientific Discovery Routlege
Classics [Chapter 6: Degrees of Testability, 95-120].
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Mathematics in Econometrics - Matrix Methods

Largely our applications will involve samples on linear
equations

y1 = α0 + α1x11 + α2x12 + ε1
y2 = α0 + α1x21 + α2x22 + ε2
y3 = α0 + α1x31 + α2x32 + ε3
y4 = α0 + α1x41 + α2x42 + ε4
y5 = α0 + α1x51 + α2x52 + ε5

(1)
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Matrix Methods - Continued

In matrix form


y1
y2
y3
y4
y5

−


1 x11 x12
1 x21 x22
1 x31 x32
1 x41 x42
1 x51 x52


 α0

α1

α2

 =


ε1
ε2
ε3
ε4
ε5

 (2)

Implying

y − Xα = ε⇒ ε (α) = y − Xα (3)
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Mathematics in Econometrics - Calculus

Optimization - Our estimators are largely (the exception being
nonparametric kernel estimators proposed by Härdle) are
optimization problems.

Approximations - Related to asymptotic specifications

Limits - Many of our statistics are limits or asymptotic tests.
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Optimization problems in Econometrics

Direct optimization problem

Minimize Least Squares (Ordinary Least Squares and
Generalized Least Squares)
Maximum Likelihood

Indirect optimization problems - Generalized Method of
Moments
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Optimization in Econometrics - Least Squares

Starting with the simple linear least squares problem

min
α

5∑
i=1

ε2i (α)

⇒ min
α
ε′ (α) ε (α)

⇒ min
α

[y ′ − α′X ′] [y − Xα]

⇒ min
α

[y ′y − y ′Xα− α′X ′y + α′X ′Xα]

⇒ min
α

[α′X ′Xα− 2y ′Xα] 3: y ′Xα = α′X ′y

(4)
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Optimization in Econometrics - Maximum Likelihood

Starting with the Logarithmic Normal Likelihood function for
the sample

max
α,σ2
−5

2
ln
(
σ2
)
−

5∑
i=1

(yi − Xi ·α)2

2σ2

⇒ σ̂2MLE (α) =
5∑

i=1

(yi − Xi ·α)2

5

⇒ max
α
−5

2
ln
(
σ̂2MLE (α)

)
− 5⇔ min

α

5∑
i=1

ε2i (α)

(5)
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Maximum Likelihood Continued

For systems of equations

max
α
−T

2
ln |Σ| − 1

2

T∑
i=1

(yi − Xi·α)′ Σ−1 (yi − Xi·α)

⇒ max
α
−T

2
ln
∣∣∣Σ̂MLE (α)

∣∣∣− Tm 3: ΣMLE (α) =
T∑
i=1

εi (α) εi (α)′
(6)
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Optimization in Econometrics - Generalized Method of
Moments

The Generalized Method of Moments is developed around a
general orthogonality principle

E [ztεt (α)] = 0. (7)

Where zt is a vector of instrumental variables (including the
independent variables).

We solve for the values of α using the minimand

QT (α) =

{
1

T
ε (α)′ Z

}
WT

{
1

T
Z ′ε (α)

}
(8)
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Optimization in Econometrics - Applied Optimization

My optimization book develops the necessary and sufficient
conditions for optimality based on a Taylor series expansion
(pp. 18-20)

Taking the Second-order Taylor expansion of an unknown
function yields

f (x)− f (x∗) = f ′ (x∗) (x − x∗) +
1

2
f ′′ (x∗) (x − x∗)2 (9)

In this formulation, a maximum occurs at x∗ if
f (x)− f (x∗) ≤ 0 for x ∈ N (x∗). This requires f ′ (x∗) = 0
and f ′′ (x∗) ≤ 0 (Necessary).
A minimum occurs at x∗ if f (x)− f (x∗) ≥ 0 for x ∈ N (x∗).
This requires f ′ (x∗) = 0 and f ′′ (x∗) ≥ 0 (Necessary).
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Optimization in Econometrics - Multivariate Optimality

Extending the univariate function to multivariate space we
have

f (x)− f (x∗) = ∇x f (x∗) dx +
1

2
dx ′∇2

xx f (x∗) dx ≤ 0 (10)

The first-order necessary condition is that the norm of the
gradient vector vanishes (||∇x f (x∗)| | → 0).
The second-order necessary condition requires that the Hessian
matrix be negative semi-definite (x ′∇2

xx f (x∗) x ≤ 0∀x).
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Applying these techniques to maximum likelihood

L (α) = −N

2
− 1

2

N∑
i=1

(yi − Xi·α)′Σ−1 (yi − Xi·α)

∇αL (α) = −1

2

N∑
i=1

[
−X ′i·Σ

−1 (yi − Xi·α)− (yi − Xi·α)′ Σ−1Xi·
]

∇αL (α) =
N∑
i=1

X ′i·Σ
−1εi (α) 3: εi (α) = yi − Xi·α ,Σ =

N∑
i=1

εi (α) εi (α)′ .

(11)
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Multidimensional Calculus

Khuri - Chapter 7

Definition 7.3.1 Let f : D → RM , where D ⊂ Rn,and let
a ∈ D. Then f (x) is continuous at a if

lim
x→a

f (x) = f (a) (12)

where x remains in D as it approaches a.

Theorem 7.3.1 Let f : D → R be a real-valued continuous
function defined on a closed and bounded set D ⊂ Rn. Then,
there exists points p and q in D for which

f (p) = sup
x∈D

f (x)

f (q) = inf
x∈D

f (x)
(13)
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Multidimensional Calculus - Jacobian

Consider the function f : R2 → R2, for example the simple
linear function

y1 = g1 (x) = a11x1 + a12x2
y2 = g2 (x) = a21x1 + a22x2

(14)

The Jacobian which encapsulates the mapping from one space
to another can be written as

∇x f (x) = Jr (x) =

 ∂g1 (x)
∂x1

∂g1 (x)
∂x2

∂g2 (x)
x1

∂g2 (x)
∂x2

 (15)
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Approximation Functions

Typically at this point students have been exposed to
functional analysis in the guise of expansions several times
with some degree of rigor.

One typical form used in this lecture is the Taylor series
approximation

f (x) = f (x∗) +
∞∑
i=1

1

i !

∂ i f (x)

x i

∣∣∣∣∣
x→x∗

(16)

This expression holds with equality.
We are usaully interested in a second order expansion which
results in a slight reformulation of the equality

f (x) = f (x∗) +
∂f (x)

∂x

∣∣∣∣
x→x∗

(x − x∗) +
∂2f (x)

∂x2

∣∣∣∣
x→x∗

(x − x∗)
2
+ R (x , x∗)

R (x , x∗) =
∂3f (x)

∂x3

∣∣∣∣
x→x∗

(x − x̃)3 for some x̃ ∈ [x , x∗]

(17)

Again, this equation holds with equality
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Approximation Functions - Taylor Series

This formulation only becomes an approximation in the fact
that we don’t know what x̃ is in the interval, only that it is
bounded (if the derivative is bounded).

We have already used this approximation in its multivariate
form in this lecture

f (x) ≈ f (x∗) +∇x f (x∗) (x − x∗) +
1

2
(x − x∗)′∇2

xx f (x∗) (x − x∗)

(18)

I really don’t know what the third moment of this function
would look like.
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Fourier Approximations

The Fourier approximation is somewhat more complex - it
states that a function can be approximated by a combination
of sines and cosines

f (x) ≈ 1

2
α0 +

∞∑
i=1

[αi cos (ωix) + βi sin (ωix)] (19)

This approximation is related to a distribution’s characteristic
function (see AEB 6571 - Lecture 15 or the my Mathematical
Statistics book pp. 83-86).

The characteristic function for the univariate distribution is

f (λ) = exp

(
iλµ− λ2σ2

2

)
(20)
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Multivariate Normal Characteristic Function

Expanding the univariate normal to the multivariate case
yields

φ (λ) = E
[
exp

(
iλ′X

)]
= exp

[
iλ′µ− 1

2
λ′Σλ

]
(21)
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Readings - Next Time

* Dhrymes, P.J. 2000. Mathematics for Econometrics Third
Edition. Springer-Verlag. (Chapter 5).

* Greene, W.H. 2012. Econometric Analysis Seventh Edition.
Prentice Hall. (Appendix A: Matrix Algebra pp. 973-1014).

Magnus, J.R. and H. Neudecker. 1988. Matrix Differential
Calculus with Applications in Statistics and Econometrics.
John Wiley & Sons. (Chapters 8 and 9).

* Popper, K. 2010. The Logic of Scientific Discovery Routledge
Classics. (Chapter 7: Simplicity, 121-132)

* Schott, J.R. 1997. Matrix Analysis for Statistics. John Wiley
& Sons. (Chapter 8)
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