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Bivariate Normal Random Variables

Bivariate Normal Random Variables

o Definition 5.3.1. The bivariate normal density is defined by

1

fam) =5
exp{ 1T {(m;zuz)ﬂ (Lot )’ —op (Z5) (ygi“y)]}

(1)

@ Let us consider a slight change in the exponential terms —

specifically let z, = (z — p1z) /oz and zy = (y — py) /oy.
With this change, the exponential term becomes
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Bivariate Normal Random Variables

1

e Since E [z1] = E [2] = 0 this implies that Cov [z, y] = p.
e Explaining the (1 — p)? term is a little harder.
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Bivariate Normal Random Variables

@ As a first point, let us consider the inverse of the variance
matrix. Starting with uncorrelated normals

! 1 0
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v (3)
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Bivariate Normal Random Variables

@ Next, consider that the variance matrix is typically more
complex — it includes covariance terms

> = [ i o1 ] (5)

012 022

@ The inverse of this matrix with covariance is somewhat more
complicated.
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Bivariate Normal Random Variables

Inverse of Matrix by Row-Reduction
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Bivariate Normal Random Variables

@ Focusing on the first term in the inverse

1 012021 011022 — 012021 + 012021

011 o011 (011022 — 012091) 011 (011022 — 012021)

011022
o11 (011022 — 012021)

(7)
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Bivariate Normal Random Variables

e Consider the denominator (i.e., the determinant of the matrix)

012012
011022 — 012012 = 011022 | 1 — ———
011022

o[ L]

= o110 (1 - p°)
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Bivariate Normal Random Variables

@ Theorem 5.3.1. Let (X,Y) have the bivariate normal
density. Then the marginal densities fx (X) and fy (Y') and
the conditional densities f (Y|X) and f (X|Y) are univariate
normal densities, and we have E [X] = ux , E[Y] = puy ,
ViX]=0% ,E[Y]=uy , VY] =py , Cor(X,Y) =p,
and

E[Y[X] = py + pgl (X — px)
* (10)
VIY[X] =0} (1-p?)
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Bivariate Normal Random Variables

@ As a starting point consider a part of Equation 1

S () =
2(1-p°) \ 0= 2

2 T — 2
) o)
Oz

Og
1 1
=-+K
20— 2 + (11)
K 1 1_ p2 B pz
S 2(1-p°) 2(1-p) 2(1-p)
@ Therefore
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Bivariate Normal Random Variables

@ The exponential part of Equation 1 can be rewritten as

b (5 () (5 (52)

(13)
YL
2 Oz
o Focusing on the term in the brackets
— 2 _ 2 — _ 2
p2< uz) +<y uy) 72p( uz> (y m;)
Oz oy o Oy (14)
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Bivariate Normal Random Variables

@ Further, Equation 14 can be further changed to

L ly-m-rZ - mr (15)

Oy

@ Note that

f(x,y):;exp 7; [yﬂYPJY(x.“'X)}2
V2roy /1 — p? 205 (1—p?) ox
= far fa

(16)
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Bivariate Normal Random Variables

@ Where f; is the density of V (,uX,ag() and fy)1 is the density
function of NV (,uX + paya;(l (X —px), 0% (1 — p2)). The
proof of the assertions from the theorem can then be seen by

= /_Z Jifoandy

fi ffooo fondy (17)
=h

e This gives us z ~ N (ux,0%). Next, we have

. f(z,y) _ fon f1

fylz) = o)~ h = fu (18)
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Bivariate Normal Random Variables

@ By Theorem 4.4.1 (Law of Iterated Means)
Efp(X,Y)] = ExEyx [¢ (X,Y)] where Ex denotes the
expectation with respect to X

E[XY]=ExE[XY|X] = Ex [XE[Y|X]|
= Ex | Xpy +p72 X (X — ) (19)

= uxpy + poxoy
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Bivariate Normal Random Variables

@ Theorem 5.3.2. If X and Y are bivariate normal and « and
[ are constants, then X + Y is normal.

e Theorem 5.3.3. Let { X;} ,i=1,2,...n be pairwise
independent and identically distributed as IV (,u,az). Then
T=1/nd> 7" xiis N (p,0%/n) .

@ Theorem 5.3.4. If X and Y are bivariate normal and
Cov (X,Y) =0, then X and Y are independent.
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Multivariate Normal Distribution

Multivariate Normal Distribution

o Definition 5.4.1 We way X is multivariate normal with mean
i and variance-covariance matrix X, denoted N (u,Y) , if its
density is given by

Fe) = @m S e |~ (- p) S @ - )| (20)
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Multivariate Normal Distribution

o Note first that |X| denotes the determinant of the variance
matrix. The determinant is found by expansion down a row or

column of a matrix

ail a2 aig
a1 a2 a3
aszy asz2 a3

a22 (23
a32 as3

a1z ais
az2 Aass

a2 ais
azz2 ass

+ (=1 agy (21)

(_1)2+1 a1

= a1l (a2za33 - a32a23) — a21 ((1126133 - a32a13) +

az1 (a12a33 — azeai3)
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Multivariate Normal Distribution

Matrix Inverse of Matrices

Yxx X2xvy |1 0O —1
[ Yyx Xyy |0 I } Xxxth
I 2Sxy |25 O (22)
Yyx Yyy 0 I | Ro—XYyxE

[I S Sxy
0 Syy — SyxSyySxy

-1
EXX ) 0 :|
*nyz)}X I
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Multivariate Normal Distribution

@ Multiplying the last row of Equation 22 by
(Syy — EYXE)_(lXZ)(y)_l and then subtracting X3 X xy
times the second row from the first row yields

_ _ _ —1 _
Sxx + SxxTxy (Syy — EYXEXIXIE)(y) Yyx Xy
— (Byy — SyxEFEXY) T Syx ik

_ _ 1
S Sxy (Byy — ZYXZX1X21XY)
(Syy — SyxSvSxy)
(23)
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Conditional Formulations

@ Matrix Form of Conditional Variance: Let X be a vector of
normally distributed random variables

X1 p1 11 Y12
~N : 24
(o )=l )- (5 en)] e
o Let Y composed of a vector of ( ¥{ Yj ) be defined based
on X by

Y1 = X1+ BX>

Yo = X (25)
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Conditional Formulations

@ The matrix B is defined such that Y7 is uncorrelated with Y5.
Mathematically

0=E[(Y1 — pv) (Y2 — py)]
=E[(X1 + BXs — p1 — Buz) (X2 — p2)]
=E[{ (X1 — )+ B(Xa2 —p2)} (X2 — p2)]
= E[(X1 —p1) (X2 — po) + B (X2 — p2) (X2 — p2)]
Y12+ B2 =0= B =YY and Y] = X1 — X555 Xy
(26)
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@ In matrix form

i\ _ (1 —Tia%y X,
Yo 0 1 Xy
E< Yy > _ < I —Y1%5; > ( G > _ ( g1 — S1255; 2 >
Y, 0 I H2 12

Y1 — Y19855 81 0
0 b))

<

N

gy

N——
|

(27)
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