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@ Bivariate Normal Random Variables

© Multivariate Normal Distribution

© Conditional Formulations
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@ Definition 5.3.1. The bivariate normal density is defined by

F(x.y) = !
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e Theorem 5.3.1. Let (X, Y) have the bivariate normal
density. Then the marginal densities fx (X) and fy (Y) and
the conditional densities f (Y|X) and f (X|Y) are univariate
normal densities, and we have E [X] = ux , E[Y] = py ,
VIX]=0% E[Y]=uy , V[Y]=pny, Corr(X,Y)=np,
and

oy
E[Y|X] = py + p— (X — px)
ox

VIYIX] =% (1)
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o Note that

fx,y) =

1 N 2
@“Yﬂexp{ 203 (107 {y —hy —p (X px)
: 2
V2rox exp [_\/2_Tax (xpx) ]
= hh

(3)
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@ Where f; is the density of N (,ux,ai) and f; is the density
function of N (ux + poyoyt (X — px),0% (1= p?)). The
proof of the assertions from the theorem can then be seen by

f (x) =/ i fydy

i [ hdy (4)

—f

@ This gives us x ~ N (MX,Ji). Next, we have

fxy) _ hfi

FO) =y =

= f (5)
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@ By Theorem 4.4.1 (Law of Iterated Means)
Efp (X, Y)] = ExEy|x [¢ (X, Y)] where Ex denotes the
expectation with respect to X
E[XY] = ExE[XY|X] = Ex [XE[Y|X]]
o
= Ex | Xpy + p—X (X — px)
ox

(6)
= Uxly + poxoy
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@ Theorem 5.3.2. If X and Y are bivariate normal and « and
[ are constants, then aX + 8Y is normal.

@ Theorem 5.3.3. Let { X;} ,i=1,2,...n be pairwise
independent and identically distributed as N (,u, 02). Then
x=1/nY"1is N(u,0%/n) .

@ Theorem 5.3.4. If X and Y are bivariate normal and
Cov (X,Y) =0, then X and Y are independent.
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density is given by

o Definition 5.4.1 We way X is multivariate normal with mean
w and variance-covariance matrix ¥, denoted N (i, X) , if its

F(x) = @m) "2 |S| ™2 exp |2 (x — ) £ (xp)

(7)
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o Note first that |X| denotes the determinant of the variance

matrix. The determinant is found by expansion down a row or
column of a matrix

ail arp a3 ™

+
a1 ax a3 |[=(-1)""an
a1 asx ass

az2 a3
da32 433

a2 a3
a32 ass3

a a
(_1)2+1 a1 12 13

a2 4as3

+ (_1)3+1 a3

(8)

= a11 (a22a33 — a32a23) — az1 (@12a33 — aza13) +
a31 (a12a33 — axaiz)
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@ Focusing on the first term in the inverse
011

012021

o11 (011020 — 012021)

011022 — 012021 + 012021

o011 (011022 — 012021)
011022

011 (011022 — 012021)

(10)
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@ Multiplying the last row of Equation 11 by
(Zyy — ZYXZ)_OI():Xy)A and then subtracting Z)_ol(ZXy
times the second row from the first row yields

_ _ _ —1 _
Txx + TxxExy (Zyy — vaixilixy) TyxTxx
—(Zyy — Tyx I IXY) T Tyx Ty
(12)
_ _ —1
~YixIxy (Zyy — zyxz)ol(ley)
(Zvy — TyxTyxZxy)
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@ Matrix Form of Conditional Variance: Let X be a vector of
normally distributed random variables

X1 G} i Yo
~ N , 13
( X2 ) [( H2 ) ( Lo 22 )] 13)
o Let Y composed of a vector of ( Y{ Y3 ) be defined based

on X by

Y1 = X1+ BXy
Yo = X5

(14)
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@ The matrix B is defined such that Y7 is uncorrelated with Y5.
Mathematically

0=E[(Y1—p1) (Y2 — p2)]
=E[(X1 + Bxa — p1 — Bpa) (X2 — p2)]
=E[{ (X1 —p1) + B (X2 — p2)} (X2 — p2)]
=E[(X1 — p1) (Xo — p2) + B (Xa — p2) (Xo — p2)]
Y124+ BXn=0=B= XY, and Y] = X; — L1255, X>
(15)
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@ In matrix form
i\ _ [ —Zipr, X1
Y )  \0 / X
e(3)=(o = ) ()= (5
Y> 0 / 12 2

V Y1) _ Y11 - X155, % O
Y> 0 20

(16)
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