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Reading Question

Assume that f (x) = 1 for 0 ≤ x ≤ 1. What is the probability
density function for the transformed variable y =

√
x?
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Polar Integral Form

The trick to this integration is changing the variables into a
polar form.

Polar Integration: The notion of polar integration is basically
one of a change in variables. Specifically, some integrals may
be ill-posed in the traditional Cartesian plane, but easily solved
in a polar space.
By polar space, any point y = f (x) can be written in a
trigonometric form

r =
√
x2 + y2

θ = tan−1 (x/y)
y = r cos (θ)
x = r sin (θ)

(1)
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Example Polar Map

Start with a quadratic function

y = f (x) = 5− x2

5
x ∈ [−5, 5] (2)

Consider the point f (4.0) = 1.8.

The length of the ray from the origin is

r (4, 1.8) =
√
42 + 1.82 = 4.38 (3)
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Example Plot
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Inscribed Angle

We can compute the value of the inscribed angle

tan (θ (4, 1.8)) =
1.8

4
= 0.45. (4)

The question is then: What angle has a tan of 0.45

θ (4, 1.8) = tan−1 (0.45) = 0.1346π. (5)

Basically, we are transforming the old functional relationship
f (x, y) = 0 into a new relationship g (θ, r (θ)). Hence

r (θ) = 4.38. (6)
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Polar Transformation of Simple Quadratic
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Derivation of the Normal

The order of proof of the normal distribution function is to
start with the standard normal:

f (x) =
1√
2π

e
−x2

2 (7)

First, we need to demonstrate that the distribution function
does integrate to one over the entire sample space, which is
−∞ to ∞. This is typically accomplished by proving the
constant.
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Let us start by assuming that

I =

∫ ∞

−∞
e−

y2

2 dy (8)

Squaring this expression yields

I2 =

∫ ∞

−∞
e−

y2

2 dy

∫ ∞

−∞
e−

x2

2 dx

=

∫ ∞

−∞
e−

y2+x2

2 dydx

(9)
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By substituting y = r cos (θ) and x = r sin (θ) we derive

y2 + x2 = r2 cos2 (θ) + r2 sin2 (θ)

= r2
[
cos2 (θ) + sin2 (θ)

]
= r2

(10)

Defining the derivatives of the change in variables

dydx = rdrdθ (11)

Folding these two results together we get

I2 =

∫ 2π

0

∫ ∞

0
r exp

(
−r2

2

)
drdθ =

∫ 2π

0
dθ = 2π (12)
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Backing up a little bit - consider the derivative

∂ exp

(
−r2

2

)
∂r

= −r exp

(
−r2

2

)
. (13)

Therefore ∫
r exp

(
−r2

2

)
dr = − exp

(
−r2

2

)
(14)

Over the interval

(
− exp

(
−r2

2

)∣∣∣∣∞
0

→ − exp

(
−∞2

2

)
+ exp

(
−02

2

)
= 1

(15)
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Taking the square root of each side yields

I =
√
2π (16)

Thus, we know that∫ ∞

−∞

1√
2π

e−
y2

2 dy = 1 (17)
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The expression above is the expression for the standard
normal. A more general form of the normal distribution
function can be derived by defining a transformation function.
Defining

y = a+ bx

x =
y − a

b

(18)

By the change in variable technique, we have

f (x) =
1√
2π

e
−(y − a)2

2b2
∣∣∣∣1b

∣∣∣∣ (19)
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Definition 2.2.1. The expected value or mean of a random
variable g (X) denoted E [g (x)] is

E [g (X)] =

{ ∫∞
∞ g (x) f (x) dx if x is continuous∑

x∈X g (x) fx if x is discrete
(20)

The most general form used in this definition allows for taking
the expectation of the function g (X). Strictly speaking, the
mean of the distribution is found where g (X) = X , or

E [x] =

∫ ∞

−∞
xf (x) dx (21)
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For example, we take the exponential distribution

E [x] =

∫ ∞

0

1

λ
xe−

x
λdx

= −
(
xe−

x
λ

∣∣∣∞
0

+

∫ ∞

0
e

x
λdx

= −
(
λe−

x
λ

∣∣∣∞
0

= λ

(22)
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Theorem 2.2.1. Let X be a random variable and let a, b,
and c be constants. Then for any functions g1 (X) and g2 (X)
whose expectations exist:

E [ag1 (X) + bg2 (X)] = aE [g1 (X)] + bE [g2 (X)] + c.
If g1 (X) ≥ 0 for all X, then E [g1 (X)] ≥ 0.
If g1 (X) ≥ g2 (X) for all X, then E [g1 (X)] ≥ E [g2 (X)].
If a ≤ g1 (X) ≤ b for all X, then a ≤ E [g1 (X)] ≤ b.
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