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Justifications or development for probabilities

Frequency approach – A relative count approach – developed
from games of chance (aleatory)

Personal probabilities where individuals anticipate the
likelihood of outcomes based on personal information
(Leonard Savage and Bruno de Finetti)

Axiomatic approach where the properties of a probability
function are derived from basic conjectures.
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Basics of Probability

Using the example from Bierens Chapter 1: Assume we are
interested in the game Texas lotto (similar to Florida lotto).

In this game, players choose a set of 6 numbers out of the first
50. Note that the ordering does not count so that
35,20,15,1,5,45 is the same of 35,5,15,20,1,45.
How many different sets of numbers can be drawn?

First, we note that we could draw any one of 50 numbers in
the first draw.
However for the second draw we can only draw 49 possible
numbers (one of the numbers has been eliminated). Thus,
there are 50 x 49 different ways to draw two numbers

Birens, H.J. 2005. Introduction to the Mathematical and
Statistical Foundations of Econometrics Cambridge University
Press. (uflib.ufl.edu)
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Again, for the third draw, we only have 48 possible numbers
left. Therefore, the total number of possible ways to choose 6
numbers out of 50 is

5∏
j=1

(50− j) =

50∏
k=45

k =

50∏
k=1

k

50−6∏
k=1

k

=
50!

(50− 6)!
(1)

Finally, note that there are 6! ways to draw a set of 6
numbers (you could draw 35 first, or 20 first, ...). Thus, the
total number of ways to draw an unordered set of 6 numbers
out of 50 is (

50
6

)
=

50!

6! (50− 6)!
= 15, 890, 700 (2)
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This is a combinatorial. It also is useful for binomial
arithmetic:

(a+ b)n =

n∑
k=0

(
n
k

)
akbn−k (3)

Charles B. Moss Basic Axioms



Outline
Bloom’s Taxonomy

Basic Probability Theory
Expected Utility – The von Neumann - Morgenstern Formulation

Leonard Savage - Foundations of Statistics

Definitions
Counting Techniques

Definitions

Sample Space: The set of all possible outcomes. In the Texas
lotto scenario, the sample space is all possible 15,890,700 sets
of 6 numbers which could be drawn.

Event: A subset of the sample space. In the Texas lotto
scenario, possible events include single draws such as
35,20,15,1,5,45 or complex draws such as all possible lotto
tickets including 35,20,15. Note that this could be
35,20,15,1,2,3, 35,20,15,1,2,4, ....

Simple Event: An event which cannot be a union of other
events. In the Texas lotto scenario, this is a single draw such
as 35,20,15,1,5,45.

Composite Event: An event which is not a simple event.
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Counting Techniques

Simple events with equal probabilities

P [A] =
n(A)

n(S)
(4)

the probability of event A is simply the number possible
occurrences of A divided by the number of possible
occurrences in the sample.

Definition 2.3.1 The number of permutations of taking r
elements from n elements is a number of distinct ordered sets
consisting of r distinct elements which can be formed out of a
set of n distinctive elements and is denoted Pn

r .
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The first point to consider is that of factorials. For example, if
you have two objects A and B, how many different ways are
there to order the object? Two:

{ A,B} or { B,A} (5)

If you have three orderings how many ways are there to order
the objects? Six:

{ A,B,C} { A,C,B} { B,A,C} { B,C,A} ,
{ C,A,B} or { C,B,A} (6)

The sequence then becomes two objects can be drawn in two
sequences, three objects can be drawn in six sequences (2 x
3). By inductive proof, four objects can be drawn in 24
sequences (6 x 4).
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The total possible number of sequences is then for n objects
is n! defined as:

n! = n (n− 1) (n− 2) . . . 1 (7)
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Theorem 2.3.1:

Pn
r =

n!

(n− r)!
(8)

Definition 2.3.2: The number of combinations of taking r
elements from n elements is the number of distinct sets
consisting of r distinct elements which can be formed out of a
set of n distinct elements and is denoted Cn

r .

Cn
r =

n!

(n− r)!r!
(9)
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Expected Utility – The von Neumann - Morgenstern
Formulation

vonNeumann, J and O. Morgenstern (1953). Theory of
Games and Economic Behavior Princeton University Press.

The basic conjecture is that economic agents choose between
two risky alternatives in a way that maximizes their expected
utility.

A typical utility function is the Power Utility function

U (Y ) =
Y 1−r

r
(10)

where r > 0 represents the relative risk aversion coefficient.
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A Choice – Leonard Savage

To build Savage’s concept, suppose that we have two possible
events or outcomes on sample space each of which has
different implications

Action
Outcome A B
1 100,000 125,000
2 150,000 130,000

Suppose that I assume that two individuals have the same risk
aversion coefficient (i.e., r = 1 ⇒ U (Y ) = ln (Y )). For each
individual, the value of the investment becomes

EiA = Pi,1 ln (100, 000) + Pi,2 ln (150, 000)

EiB = Pi,1 ln (125, 000) + Pi,2 ln (130, 000)
(11)
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Choice Implies Probability

In this case, suppose that two individuals make different
choices – individual a chooses alternative A while individual b
chooses alternative B. The only explanation is that the
individuals have different perceived probabilities – Pa,1 ̸= Pb,1

(and by summing up restrictions Pa,2 ̸= Pb,2).
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Leonard Savage - Foundations of Statistics

Savage, L. (1972) The Foundations of Statistics Dover
Publications, New York.

Three main classes of view of the interpretation of probability:

Objectivistic – some repetitive events prove to be in
reasonably close agreement with the mathematical concpet of
independently repreated random events.
Personalistic – probability measures the confidence that a
particular individual has in the truth of a particular proposition.
Necessary – probability measures can be logically derived
from a set of propositions apart from human opinioin (i.e.,
Kolgomorov)
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State of the Egg and Action

State
Act Good Rotten
Break into bowl six-egg omelet no omelet and five good eggs

spoilt
Break egg into saucer six-egg omelet and five-egg omelet and a

a saucer to wash saucer to wash
Throw away five-egg omelet, and five-egg omelet

one good egg destroyed

Each action interacts with the state – we will call the first
action f - break the egg into the bowl. The objective value of
f is a function of the probaility of the states

f ≈ P1f (good) + P2f (rotten) . (12)

The decision is implicitly compared with the objective value of
another action g say break the egg into the saucer.
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Sure Thing Principle

P1 The relationship ≾ is a simple ordering among acts
[Savage p. 18.]

Theorem 1 If F is a finite set of sets, there exists f and h in
F such that for all g in F

f ≾ g ≾ h. (13)

Sure Thing Principle: If the person would not prefer f to g,
either knowing that the event B obtained, or not knowing that
the the event ∼ B obtained, then he does not prefer f to g.
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P2 If f , g, and f ′, g′ are such that:
1 in ∼ B, f agrees with g and f ′ agrees with g′,
2 in B, f agrees with f ′ and g agrees with g′,
3 f ≾ g;

Then f ′ ≾ g′.

A finite set of events Bi is a partition of B, and f ≾ g given
Bi ∩Bj = ∅ for i ̸= j and ∪iBi = B

Theorem 2 If Bi is a partition of B, and f ≾ g given Bi for
each i, then f ≾ g given B. If, in addition, f ≺ g, given Bj

for at least one j, f ≺ g given B.

A relationship ≾ between events is a qualitative probability; if
and only if, for all events B, C, and D,

1 ≾ is a simple ordering,
2 B ≾ C, if and only if B ∪D ≾ C ∪D, provided

B ∩D = C ∩D = ∅,
3 ∅ ≾ B, ∅ ≾ S.
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