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I. Bivariate Normal Random Variables

A. Definition 5.3.1. The bivariate normal density is defined by

f (x, y) =
1

2πσxσy

√
1− ρ2

exp

⎧⎨
⎩ − 1

2
(
1− ρ2

)
[(x− μx

σx

)2
+
(
y − μy
σy

)2

− 2ρ
(x− μx

σx

)(y − μy
σy

)]⎫⎬
⎭

(1)

B. Theorem 5.3.1. Let (X, Y ) have the bivariate normal density.
Then the marginal densities fX (X) and fY (Y ) and the condi-
tional densities f (Y |X) and f (X|Y ) are univariate normal den-
sities, and we have E [X] = μX , E [Y ] = μY , V [X] = σ2

X ,
E [Y ] = μY , V [Y ] = μY , Corr (X, Y ) = ρ, and

E [Y |X ] = μY + ρ
σY

σX

(X − μX)

V [Y |X] = σ2
Y

(
1− ρ2

) (2)

Note that
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f (x, y) =
1√

2πσY

√
1− ρ2

exp

⎧⎨
⎩ − 1

2σ2
Y

(
1− ρ2

) [y − μY − ρ
σY

σX
(x− μX)

]2⎫⎬
⎭

1√
2πσX

exp

[
− 1√

2πσX

(xμX)
2

]

= f2f1
(3)

where f1 is the density of N (μX , σ
2
X) and f2 is the density func-

tion of N
(
μX + ρσY σ

−1
X (X − μX) , σ

2
Y (1− ρ2)

)
. The proof of the

assertions from the theorem can then be seen by

f (x) =
∫ ∞

−∞
f1f2dy

f1
∫∞
−∞ f2dy

= f1

(4)

1. This gives us x ∼ N (μX , σ
2
X). Next, we have

f (y|x) = f (x, y)

f (x)
=

f2f1
f1

= f2 (5)

2 By Theorem 4.4.1 (Law of Iterated Means) E [φ (X, Y )] =
EXEY |X [φ (X, Y )] where EX denotes the expectation with re-
spect to X

E [XY ] = EXE [XY |X ] = EX [XE [Y |X]]

= EX

[
XμY + ρ

σY

σX

X (X − μX)
]

= μXμY + ρσXσY

(6)

C. Theorem 5.3.2. If X and Y are bivariate normal and α and β
are constants, then αX + βY is normal.
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D. Theorem 5.3.3. Let { Xi} , i = 1, 2, . . . n be pairwise indepen-
dent and identically distributed as N (μ, σ2). Then x̄ = 1/n

∑n
i=1

is N (μ, σ2/n) .

E. Theorem 5.3.4. IfX and Y are bivariate normal and Cov (X, Y ) =
0 , then X and Y are independent.

II. Multivariate Normal Distribution

A. Definition 5.4.1 We way X is multivariate normal with mean μ
and variance-covariance matrix Σ, denoted N (μ,Σ) , if its density
is given by

f (x) = (2π)−n/2 |Σ|−1/2 exp
[
−1

2
(x− μ)′ Σ−1 (xμ)

]
(7)

1. Note first that |Σ| denotes the determinant of the variance
matrix. The determinant is found by expansion down a row
or column of a matrix

∣∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣∣ = (−1)1+1 a11

∣∣∣∣∣ a22 a23
a32 a33

∣∣∣∣∣+

(−1)2+1 a21

∣∣∣∣∣ a12 a13
a32 a33

∣∣∣∣∣+ (−1)3+1 a31

∣∣∣∣∣ a12 a13
a22 a33

∣∣∣∣∣
= a11 (a22a33 − a32a23)− a21 (a12a33 − a32a13) +

a31 (a12a33 − a22a13)

(8)

2. Inverse of a matrix by row-reduction
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[
1 0

−σ21
σ11

1

] [
σ11 σ12 1 0
σ21 σ22 0 1

]
=

[
σ11 σ12 1 0
0 σ22 − σ12σ21

σ11
−σ21
σ11

1

]

[
1 0
0 σ11

σ11σ22 − σ12σ21

] [
σ11 σ12 1 0

0 σ12σ22 − σ12σ21
σ11

−σ21
σ11

1

]
=

[
σ11 σ12 1 0
0 1 − σ21

σ11σ22 − σ12σ21

σ11
σ11σ22 − σ12σ21

]

[
1 −σ12

σ11

0 1

] ⎡⎣ 1 σ12
σ11

1
σ11

0

0 1 − σ21
σ11σ22 − σ12σ21

σ11
σ11σ22 − σ12σ21

⎤
⎦ =

⎡
⎣ 1 0 1

σ11
+ σ12σ21

σ11 (σ11σ22 − σ12σ21)
− σ12
σ11σ22 − σ12σ21

0 1 − σ21
σ11σ22 − σ12σ21

σ11
σ11σ22 − σ12σ21

⎤
⎦

(9)
Focusing on the first term in the inverse

1

σ11
+

σ12σ21

σ11 (σ11σ22 − σ12σ21)
=

σ11σ22 − σ12σ21 + σ12σ21

σ11 (σ11σ22 − σ12σ21)

=
σ11σ22

σ11 (σ11σ22 − σ12σ21)
(10)

3. Matrix Inverse of Matrices
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[
ΣXX ΣXY I 0
ΣY X ΣY Y 0 I

]
Σ−1

XXR1

[
I Σ−1

XXΣXY Σ−1
XX 0

ΣY X ΣY Y 0 I

]
R2 − ΣY XR1

[
I Σ−1

XXΣXY Σ−1
XX 0

0 ΣY Y − ΣY XΣ
−1
XXΣXY −ΣY XΣ

−1
XX I

]
(11)

ultiplying the last row of Equation 11 by
(
ΣY Y − ΣY XΣ

−1
XXΣXY

)−1

and then subtracting Σ−1
XXΣXY times the second row from the

first row yields

⎡
⎢⎣ Σ−1

XX + Σ−1
XXΣXY

(
ΣY Y − ΣY XΣ

−1
XXΣXY

)−1
ΣY XΣ

−1
XX

−
(
ΣY Y − ΣY XΣ

−1
XXΣXY

)−1
ΣY XΣ

−1
XX

−Σ−1
XXΣXY

(
ΣY Y − ΣY XΣ

−1
XXΣXY

)−1

(
ΣY Y − ΣY XΣ

−1
XXΣXY

)−1

⎤
⎥⎦

(12)

B. Conditional Formulations

1. Matrix Form of Conditional Variance: Let X be a vector of
normally distributed random variables

(
X1

X2

)
∼ N

[(
μ1

μ2

)
,

(
Σ11 Σ12

Σ21 Σ22

)]
(13)

2. Let Y composed of a vector of
(
Y ′
1 Y ′

2

)
be defined based

on X by

Y1 = X1 +BX2

Y2 = X2
(14)

3. The matrix B is defined such that Y1 is uncorrelated with Y2.
Mathematically
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0 = E [(Y1 − μ1) (Y2 − μ2)]
= E [(X1 +Bx2 − μ1 −Bμ2) (X2 − μ2)]

= E [{ (X1 − μ1) +B (X2 − μ2)} (X2 − μ2)]
= E [(X1 − μ1) (X2 − μ2) +B (X2 − μ2) (X2 − μ2)]

Σ12 +BΣ22 = 0 ⇒ B = −Σ12Σ
−1
22 and Y1 = X1 − Σ12Σ

−1
22 X2

(15)
In matrix form

(
Y1

Y2

)
=

(
I −Σ12Σ

−1
22

0 I

)(
X1

X2

)

E

(
Y1

Y2

)
=

(
I −Σ12Σ

−1
22

0 I

)(
μ1

μ2

)
=

(
μ1 − Σ12Σ

−1
22 μ2

μ2

)

V

(
Y1

Y2

)
=

(
Σ11 − Σ12Σ

−1
22 Σ21 0

0 Σ22

)

(16)
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