Bivariate and Multivariate Normal Random
Variables: Lecture XIII

Charles B. Moss
September 21, 2010

I. Bivariate Normal Random Variables

A. Definition 5.3.1. The bivariate normal density is defined by

B. Theorem 5.3.1. Let (X,Y) have the bivariate normal density.
Then the marginal densities fx (X) and fy (Y) and the condi-
tional densities f (Y|X) and f (X]Y') are univariate normal den-
sities, and we have E[X] = uyx , E[Y] = py , V[X]| = 0% ,
EY]=uy ,V[Y]=puy , Corr(X,Y) = p, and

Oy
EY|X] = py + p— (X — px)
0x

VIYIX] =0} (1-0°)

Note that
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\/%ax o l_ \/%ax (WX)Q]

= fohi
(3)
where f; is the density of N (ux,0%) and f, is the density func-
tion of N (,uX + poyox' (X — px), 0% (1 — pQ)). The proof of the
assertions from the theorem can then be seen by

f (55) = /O:O fifady

J1 55 2dy (4)
= h
1. This gives us © ~ N (ux,0%). Next, we have
_f(way)_fol_

2 By Theorem 4.4.1 (Law of Iterated Means) E[¢ (X,Y)] =
ExEy|x [¢ (X,Y)] where Ex denotes the expectation with re-
spect to X

E[XY] = ExE[XY|X] = Ex [XE[Y|X]]
ag
= Ex |Xpy + p—X (X — px) (6)
0x
= Uxpy + poxoy

C. Theorem 5.3.2. If X and Y are bivariate normal and « and [
are constants, then aX 4+ AY is normal.
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D. Theorem 5.3.3. Let { X;} ,i=1,2,...n be pairwise indepen-
dent and identically distributed as N (u, 0?). Then z = 1/n Y0,
is N (1, 02/n) .

E. Theorem 5.3.4. If X and Y are bivariate normal and Cov (X,Y) =
0, then X and Y are independent.

II. Multivariate Normal Distribution

A. Definition 5.4.1 We way X is multivariate normal with mean pu
and variance-covariance matrix ¥, denoted N (u, X) , if its density
is given by

Fa) = @n) 2 8 e [ (o ) 57 )] ()

1. Note first that |X| denotes the determinant of the variance
matrix. The determinant is found by expansion down a row
or column of a matrix

ail a2 ais - a a
+ 22 23
a1 Qo agz | = (—1)" ay +
az2 as3
azy asz Aass
2+1 aiz2 A3 3+1 a2 Ais
(—1) a921 + (_1) a31 (8)
agz2 ass Qg2 Aa33

= a11 (@22&33 - @32@23) — Q21 (@12&33 - a32a13) +

asy (CL12CL33 - CL22CL13)

2. Inverse of a matrix by row-reduction
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1 0 011 012 10

0921 1
— =4 o o 01
o1l 21 22
011 012 1
0190 g
0 0oy — J12921 | _021 1
2 o11 o1
1 0 011 012 1 0
o1 0 12922 — 012021 | _J21 1
011022 — 012021 011 o1
011 012 1 0
0 1 _ 021 011
011022 — 012021 011022 — 012021
1 —012 019 1 0
011 011 0&1
0 1 0 1 _ 21 011
011022 — 0120921 011022 — 0120921
1 o]t + 012091 _ 012
011 011 (011022 — 012091) 011022 — 012021
0 1 _ 0921 011
011022 — 012021 011022 — 012021

Focusing on the first term in the inverse

1 i 012021 011022 — 012021 + 012021
011 011 (011022 —012021) 011 (011022 —012021)

011022

011 (011022 - J12021)

(10)
3. Matrix Inverse of Matrices
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Yxx Yxv |l 0 .
[ Yyx 2yy |0 [ 1 Mxx
I SRkSxy [Sxk O 1)
| Yyx  Xyy 0 I]| R—Xyxh
1 Yk Exy Yy 0
0 Xyy — YyxZxxZxy | —SyxZxx 1

-1
ultiplying the last row of Equation 11 by (Zyy — Yy XZ;X by Xy)
and then subtracting X} X xy times the second row from the

first row yields

1
Sxx + Exx Zxy (EYY - EYXE)_(IXEXY) Yy xXxx
~1
— (Syy - DyxIRAEXY) Syx TRk
-1 1 -1
—2x%Sxy (Bvy — DyxTxkSxy)
-1
(EYY — ZYXE)}lXZXY)
(12)

B. Conditional Formulations

1. Matrix Form of Conditional Variance: Let X be a vector of
normally distributed random variables

(X)) (22))  w

2. Let Y composed of a vector of ( Y] Y] ) be defined based

on X by
Y1 = X1+ BX,
Y, = X, (14)
3. The matrix B is defined such that Y] is uncorrelated with Y5.
Mathematically
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0=E[(Y1 — m) (Y2 — p2)]
= E[(X1 + By — 1 — Bpua) (Xo — o))
=E[{ (X1 — )+ B(Xs — p2)} (Xa — pio)]
= E[(X1— ) (Xa — p2) + B (X2 — pi2) (X2 — p12)]
Yo+ BYyp =0= B=-%133 and Y] = X; — %1535 Xo
(15)

In matrix form
i\ _ [ —Zp¥y X
Yo/ {0 1 Xo
E Y, _ 1 —21222_21 P\ _ [ —21222_21,@
Ys 0 I H2 H2



