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I. Covariance and Correlation

A. Definition 4.3.1 The covariance between two random variables
X and Y can be defined as

Cov (X,Y) = E[(X - E[X]) (Y — E[Y])]

= E[XY - XE[Y] - E[x] Y + E[X] [Y]]

1
—E[XY]-E[X|E[Y]-E[X|E[Y] +E[X]E[Y] Y

= E[XY] - E[X]E[Y]

1. Note that this is simply a generalization of the standard vari-
ance formulation. Specifically, letting ¥ — X yields

Cov (XX) =E[XX] - E[X]E[X]

(2)
=E[X’] - (E[X])°

2. From a sample perspective, we have

VI(X)= %Zf\ilx?_ﬁ

(3)
Cov(X,Y) =+ >N 2y — Ty

3. Together the variance and covariance matrices are typically
written as a variance matrix
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$_ V(X) Cov(X,Y) | | Ouw Ouy (@)
| Cov (Y, X) V(Y) -
Note that Cov (X,Y) = 0,y = 0y, = Cov (Y, X).
4. Substituting the sample measures into the variance matrix
yields

Oyz Oyy

S = [ Sgx  Szy ] _ [ %Z%l TiTi — TX %%ﬁil TiYiTY ]
¥ O Yii — YT~ ey Yili — U

| S Siliwy || 3Eowy
NS im0 vy yr gy
(5)

The sample covariance matrix can then be written as

a0 zy z o
S=— —| - x ) 6
o S N IE I B
4. In terms of the theoretical distribution, the variance matrix
can be written as

Y — l % (= ) f (2, y) do dy
Zoo S0 (& — 1) (y — ) f (2, y) do, dy

Joo IS (= ) (y — pay) [ (2, ) da dy
I 122 (y — py)? d dy

5. Example 4.3.2. Compute the covariance for the data pre-
sented in Table 1. We start by computing the means from
Table 1

(7)
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Table 1: Discrete Sample

Marginal
XY -1 0 1 Probability
1 0.167 0.083 0.167 0.417
0 0.083 0.000 0.083 0.167
-1 0.167 0.083 0.417 0.417

Marginal
Probability 0.417 0.167 0.417

(0.167 + 0.083 + 0.167) (1)
+(0.083 + 0.000 + 0.083) (0)
1 +(0.417 + 0.083 + 0.167) (—1)

(0.167 + 0.083 + 0.167) (1)
+(0.083 + 0.000 + 0.083) (0)
+(0.417 + 0.083 + 0.167) (—1)

[ (0.417) (1) + (0.167) (0) + (0.417) (=1) | _ [0
~ | (0.417) (1) 4+ (0.167) (0) + (0.417) (—=1) | ’
(8)
Given that the means for both variables are zero, we can com-
pute the covariance as

Cov [X,Y] = % Z ziy; P (i, i)
(1) (=1) 0.167 + (0) (=1) 0,083 + - (—1) (1) 0.167 = 0.

(9)
B. Theorem 4.3.2. V(X +Y)=V (X)+V (Y) £ Cov(X,Y)

VIX£Y]=E[X£Y)(X£Y)]
= E[XX 4 2XY + YY]
= E[XX] + E[YY] + E[XY]
=V (X)+V(Y)£2Cov (X,Y)

(10)
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1. Note that this result can be obtained from the variance ma-
trix. Specifically, X + Y can be written as a vector operation

[ x Y]“]:Xﬂ/ (11)

Given this vectorization of the problem we can define the
variance of the sum as

[1 1}[0“ %H”:[oxﬁaw axy+ayy}“]

Ozy Oyy

= Opp + 20,y + 0yy
(12)

C. Theorem 4.3.3. Let X; , i = 1,2, be pairwise independent.
Then

' (i X") - f}”Xﬂ (13)

The simplest proof to this theorem is to use the variance matrix.
Note in the preceding example, if X and Y are independent, we
have

[1 1}[0“ %yH”:amjLayy (14)

Ozy Oyy

if 05, = 0. Extending this result to three variables implies

1 011 012 013 1
1 091 O 093 1 | = 011+2012+2013+092+2093+033
1 031 032033 1

(15)
if the s are independent, the covariance terms are zero and this
expression simply becomes the sum of the variances.

E. Definition 4.3.2. The correlation coeflicient for two variables is
defined as
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Cov (X,Y)
V Ozz/Oyy

1. Note that the covariance between any random variable and a
constant is equal to zero. Letting Y equal to zero we have

Corr (X,Y) = (16)

E(X-EX)(Y-E[N])]=E[X-EX])(0)]=0 (17)

2. It stands to reason the correlation coeflficient between a ran-
dom variable and a constant is also zero.

F. It now possible to derive the ordinary least squares estimator for
a linear regression equation.

1. We define the ordinary least squares estimator as that set of
parameters that minimizes the squared error of the estimate

a,B

(18)
The first order conditions for this minimization problem then
becomes

o5 _ —2E[Y] + 20+ 28E[X] = 0
55 oo , (19)
i —2E[XY] + 20E [X] + 28E [X?] =0

Solving the first equation for a yields

a=E[Y]-p5[X] (20)

Substituting this expression into the second first order condi-
tion yields

~E[XY] + (E[Y] - BE X)) E[X] + 8E [X?] =0
~E[XY] +E[Y]E[X] + 3 (E [X?] - (E[X])*) =0

—Cov (X,Y) + BV (X) =0 (21)
~ Cov(X,Y)
TIm TV

mip =B [(Y = a = 5X)°] = minB[Y* ~ 20Y = 20XY +a® + 206X + 5°X
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G. Theorem 4.3.6. The best linear predictor (or more exactly, the
minimum mean-squared-error linear predictor) of Y based on X is
given by a*+3*X , where o* and 5* are the least square estimates.

II. Conditional Mean and Variance

A. Definition 4.4.1 Let (X, Y) be a bivariate discrete random vari-
able taking values (z;,y;) ¢, = 1,2,---. Let P(y;|X) be the
conditional probability of Y = y; given X. Let ¢ (x;,y;) be an
arbitrary function. Then the conditional mean of ¢ (X,Y’) given
X, denoted E [¢ (X,Y) |X] or by Eyx [¢(X,Y)] , is defined by

(e 9]

Eyix [¢ (X, Y)] = Z ¢ (X, i) P (yilX) (22)

B. Definition 4.4.2. Let (X,Y’) be a bivarite continuous random
variable with conditional density f (y|z). Let ¢ (z,y) be an arbi-

trary function. Then the conditional mean of ¢ (X,Y") given X is
defined by

Evix [0 (X Y)] = [ 0 (X.9)E(41X) dy (23)

—00

C. Theorem 4.4.1 (Law of Iterated Means) E [¢ (X,Y)] = ExEyx [¢ (X, Y)].
(Where the symbol Ey denotes the expectation with respect to X).

D. Theorem 4.4.2

V(6(X,Y)) = Ex [Vyix [0 (X, Y)]] + Vi [Evix [¢ (X, V)] (24)

Proof.

2

Vyix [6] = Byix [62] — (Byx [9]) (25)

Implies

Ex [VY\X (Qb)} =k {Qbﬂ — Ex [EYIX [@bﬂ (26)

By definition of conditional variance
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Vi (Evix [¢]) = Ex [Evix (6] — (E[¢])? (27)
Adding these expressions yields

Ex [Vvix (8)] + Vx (Evix [¢]) = E[¢°] = (E[¢]) = V(9) (28)

E. Theorem 4.4.3 The best predictor (or the minimum mean-squared-
error predictor) of Y based on X is given by E [Y|X].



