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Simple Constraint

@ To begin our discussion, let us assume that we want to
maximize a quadratic utility function subject to an elliptical
constraint.

@ Abstracting away from the objective function | want to
develop the meaning of the first order Taylor expansion of this
elliptical constraint at a given point.

@ Let the elliptical constraint be

g(x) =10 —-3x¢ — 23 (1)

o Graphically, Equation 1 is a cone "mound” of sorts as
depicted in Figure 4.
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o If we solve equation 1 for x3 in terms of xo we get

2(5—x22)
X1 = —

o 2(5
7 =

— X5

function of x1 in terms of x2) yields Figure 6.

~ CharlesB.Moss Lecture XV

;)

V3
@ Graphing this result in two dimensions (or the implicit
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@ Next, we want to linearize this function at a particular point,
say xo = .75. Solving the implicit function at this point yields

x; = 1.71998.
@ The Taylor series expansion of this constraint is then defined
as

G(x)~ G(x*)+ VG (x¥)dx (3)
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@ The Jacobian of this expansion defined as

r 0Gy (X) 0Gy (X) 0G; (X) 7

X: Ox 0x,
0Go ax) 0Go zx) o 0G fx)
VG (x) = Ix Ix; Ixn (4)
0Gm (x) G (x) 9Gpm (x)
L Ox1 Oxo Ixn

is the cornerstone of the linear approximation. For the current

problem, the Jacobian at the point of approximation is

ViG(x)=[ =5 —4x | =] —10.3199 —3.000 ]. (5)
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@ The linear relationship around that point then becomes

G(x)— G (x*) = [ —10.3199 —3.000 | [

x1 — 1.71998
X2 — 0.75 (6)
=20 — 10.3199x; — 3.00x;

@ Graphically, this expression is presented in Figure 10
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o Consider the maximizatin problem

max 5.0x7-3x9-4
X1,X2
s.t. g (x1,x) =0
evaluated at the point x* = ( 1.2076 1.67706 ). The
gradient of the objective function at this point is

V,f (x) = [ 1.95350 1.80865 |.
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@ The Jacobian becomes

Vg (x) = [ o

| —7.24564
—4xy | | —6.70824
@ The NullSpace for this matrix is

—0.67937
z (X)_[ 0.73380 ]

(9)

(10)
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@ The optimality conditions are then

[ 1.95359 1.80865 | [

@ Note that

—0.679371
0.73380

0.00003349 (11)

—6.0 0.0
Vg (x) = [ 0.0 —4.0 ] (12)
thus as long as A\; > 0, the second order conditions are met.



IVt (x)|[ =0

V2, f (x) is positive semidefinite

(13)
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«O)» «F»r « > < > Q>

Ax=0b

1Z/Vf (x)] | = Oor Vs (x) = AN (14)
Z'Vf (x) Zis positive semidefinite



«O> «<Fr «=Er <= v

Ax > band Ax = b

||Z'Vf (x)|| = Oor Vif (x) = A’
(15)
A > Ofor the active constraints

Z'V2 f (x) Zis positive definite



G(x)>0

Z (x)' Vxf (x) = 0or V,f (x) = A(x) A

Z (x)' W (x, ) Z (x) is positive semidefinite

W 0) = V2. () = 3 AV ()

i=1

(16)
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