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1 Linear Approximation

As a starting point, imagine solving the problem

min  10.00y; + 15.00y:

T1,22,T3,24,T5

s.t. 1 fi (@1, 22, w3, 24, x5) = 0.15In (1) + 0.251n (22) 4+ 0.051n (x3) +
0.101n (z4) + 0.451n (z5) (1)

Yo = fo (21,22, 3,24, 25) = 0.30In (z1) + 0.15In (2) + 0.25In (x3) +
0.251n (z4) + 0.051n (x5)

at 1 = 40.0, x5 = 63.33, xr3 = 34.00, x4 = 19.00, and x5 = 105.00. Random
number — Right. The result of this value is f; () = 4.15548 and f5 (x) =
3.57932.

As a first step, let’s define the Jacobian

0.15 0.25 0.05 0.10 0.45
fl (SC) X1 ) X3 T4 Ts
\ = (2)
fa () 0.30 0.15 0.25 0.25 0.05
T T2 T3 Ty Ts

At the point of interest
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fi(x) 0.00375 0.003947 0.001471 0.005263 0.004286
Va =
fo () 0.0075 0.002368 0.007353 0.01316 0.0004762
(3)
Letting
0.003750 0.003947
G = (4)
0.0075  0.002368
and

0.001471 0.005263 0.004286
Gy = . (5)
0.0073520 0.01316 0.0004762

We can define the change around the point of the interest as

dl’g
( zil ) == Gl—lGQ dl‘4
2 dl'g,

{ 1.23249  1.90476 0.399093] (dxg )

d[L‘4

—0.79832 —0.47619  1.46485 dxs

Letting dzs = 0.10, dxy = —0.10, and dxs = 0.05 the resulting change is

dr, \ | —0.08719 (7)
dry ) | 0.04102
The new level is then x; = 39.9128 ,xo = 63.3744, x5 = 34.1, 4, = 18.9, and
x5 = 105.05. Comparing the results

2 Linear Constraints

The general programming problem presented in Chapter 1 can be written

max, f (z)
stG(z)="0b (8)

2
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Table 1: Constraint Values

Function Original Value New Value
fi(x) 4.15548 4.15515
fa (2) 3.57932 3.57820

can be restructured into the linearly constrained equality problem

max, f (z)

st.Ar =10 (9)
Mathematically one such problem is the portfolio choice problem where an
individual minimizes the variance of an investment portfolio subject to an
income constraint

W11 Wiz Wiz Wig X

. Wo1 Wa2 W23 Wa4g X2
min, f (z) =2'Qr = | &1 22 23 x4

W31 Ws2 W33 W34 X3

W41 Wq2 W43 W44 Ty

= w1177 + 2W19T1 Ty + 2w13T1 T3 + 2W14T1 Ty + WeoTi+
20}231‘2273 + QUJQ4£L‘2$4 + W33[L'§ + QW34$31'4 + W44l‘i

S.b. 1Ty + poTe + 3Ty + pary = YT
(10)
Mathematically, solving this system is based on the null-space of the income
constraint. In this case, setting the level of x5 through z, determines the
level of z;

Y*
B2y — By — H4 (11)

We could substitute for this equality into the original objective function
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fr(z)=wn (Y* —%@—@ﬁs—ﬁ)ﬂL

m p1 1
2(4}12.172 m — %1’2 — %ZL’?, - % +
2&1131‘3 % — %1’2 — %.T;g — % + (12)
2(JJ14.T4 % — %.fQ — %,Tg - % +

Woa T3 + 2wWa3ToT3 + 2WayToTy + W3®3 + 2W34T3T4 + WeaT3.

reducing the multivariate constrained problem to a multivariate unconstrained
problem. However, this scenario becomes impractical as the number of equa-
tions and variables grow.

Another way to conceive the problem is by the formal definition of the
null space. What we want to do is to develop a formalized way of making
the statement that p = (z — &) implies that Az = b and Az = b. Thus,
Az = AZ implies that A(Zz — ) = 0 or that Ap = 0 . The collection of all
such vectors is referred to as the null space. Specifically, let the columns of
matrix Z form a basis; then AZ = 0 defines the null space.

In this case, we need to modify our concept of the neighborhood. Pre-
viously, we were interested in any projection around x*, thus x = z* + p.
Now, we are only interested in those points that maintain feasibility. To
accomplish this, we begin with a projection (or perturbation) in the same
dimension as the null space. This perturbation is then mapped into the gen-
eral space using the null space basis. Thus, the set of feasible xs becomes
x = 2% + Zp. The second order expansion of the function then becomes

F0) = 1 &)+ Val (&) Zp + 50/ Z'V20 ] () Zp. (13)

Again using the mechanics for a maximum, we have that

F@)—F @) = Vaf ) Zp+ p 2V f () Zp <0 (1)

for any p. Hence, we derive the first necessary condition for a maximum that

Vof (29)Z =0 (15)

which states that the projected gradient is equal to zero at optimal. Similarly,
the second order necessary condition for an optimal becomes

Z'V2 f (¥¥) Z isnegative semi — definite (16)



