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Preface

The primary motivation for adaptive memory programming, therefore, is to

group and unify all these emerging optimization techniques for enhancement

of the computational capabilities that they offer to combinatorial problems

which are encountered in real life in the area of production planning and

control.

We confront this pitfall technically, by introducing explicit remarks

about the generality of results at appropriate places; methodologically, by

accumulating enough applications for every major idea to make its validity

and generality stand out; and philosophically, observing that physics moves

forward most of its ideas by analogies to cleverly chosen simple systems for

which profound intuitions have been formed.

Special attention has also been paid to the wave-current interaction

problems. Several models are evaluated by comparing the numerical results

with laboratory data. It is quite clear that these higher-order modified

equations are adequate for modeling the wave propagation from deep water

to shallow water. However, to apply these models in the surf zone further

study of breaking waves and the proper parameterization of wave breaking

processes are essential.

One of most surprising findings is coastal engineering research in the

last two decades is the robustness of the shallow-water equation models

in calculating the wave runup in swash zone. Although the wave break-

ing process is usually not considered in the shallow-water equations, with

a proper tuning of the numerical dissipation as well as the bottom fric-

tion, these models can predict the time history of runup heights for various

types of incident waves with impressive accuracy. These models have also

been extended to examine the interactions between water waves and coastal

structures, which are either impermeable or protected by a layer.

vii
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The second order wave theory must be employed to include the effects

of wave drift forces and springing since they are caused by the quadratic

nonlinearity. To consider ringing and wave slamming, cubic nonlinearity

and higher order nonlinearity must be included in the formulation.

The factors which have contributed most towards this are the growth

of the uranium industry, the acceptance of solvent extraction as a process

suitable for industrial use on a large scale, the development of techniques of

leaching and reduction at temperatures up to 240◦C at moderate pressures,

and the demand for numerous less-common metals and other elements.

To model wave slamming and ringing as mentioned above and other

nonlinear phenomenon, it is necessary to undertake fully nonlinear transient

analyses, usually involving numerical time marching. At present many

such numerical models exist. One of common difficulties faced by these

models is the procedure to track the location of free surface, especially

in the case of wave breaking. Different applications associated with each

method, especially in wave hydrodynamics are discussed. More than one

hundred references are cited in the paper.

T. M. Chan
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Chapter 1

Introduction

1.1 The Microeconomic Problem

The typical definition of economics is the study of the allocation of scarce

resources to satisfy unlimited and competing human wants and desires.

Within this basic definition, we see the elements of a mathematical pro-

gramming model. First, we have an objective function, or a measure of

human wants and desires which we will attempt to maximize. Second, we

have constraints or limits to simply giving humans all that they could pos-

sibly want. Implied in the definition is also the concept that we have choice

variables or instruments within our control to effect this maxmization.

For the consumer’s problem we define those elements in the mathemat-

ical formulation

max
x

U (x)

s.tx′p ≤ Y
(1.1)

where U (x) is the utility function, x is the vector of goods consumed, p is

the price of the goods, and Y is the level of income. In this problem, the

objective function is the consumer’s utility, the constraint is income, and

the choice variables are levels of different commodities consumed. How do

we determine the optimum for this problem?

Similarly, the producer’s problem becomes

max
x,y

y′p− x′w

s.t. y = F (x)
(1.2)

where y is the level of outputs, p is the price of outputs, x is the level of

inputs, w is the price of inputs, and F (x) is the production function. As

1



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 2

2 Static and Dynamic Optimization

in the consumer’s problem, we have an objective function which is profit,

constraints which is the production function, and choice variables which are

the levels of inputs and outputs. Again, how do we determine the optimum

in theory and in practice?

1.2 Agricultural Optimization Problems

This section briefly presents several optimization problems common to agri-

cultural and resource economics following Moss [Moss (2002)].

1.2.1 Food and Diet Problems

The food and diet research can be characterized by two major focuses deter-

mining the least cost combination of foods to meet dietary needs (Stigler’s

”Cost of subsistence”) and least cost feed ration studies . The basic applica-

tion would involve minimizing the cost of a diet subject to some nutritional

constraint

min
x
c′x

s.t. Ax ≥ b
(1.3)

where c is the vector of food (or feed) prices, x is a vector of the choice

levels for each food, A is a matrix of the nutrients provided by each food,

and b is a vector of minimum nutritional requirements. More advanced

formulations of the diet problem have been developed in the guise of the

household production model. The general form of the household production

problem is

max
y,x

U (y)

s.t y ≤ F (x)

p′x ≤ I
(1.4)

where F (x) denotes the production relationship between purchased food-

stuffs and consumable goods (y), p is the price vector for purchased food-

stuffs, and I is the consumer’s income level.

A linear form of the household production function can be derived by

taking a first-order approximation of the vector-valued production function
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A = ∇xF (x) =


∂F (x)
∂x1

...
∂F (x)
∂xn

 (1.5)

where ∇xf (x) denote the gradient vector (or the vector of derivatives) .

The linearized household production model can then be specified as

max
y,x

U (y)

s.t. y ≤ Ax
p′x ≤ I

(1.6)

In addition to foodstuffs, x can be augmented to include labor.

1.2.2 Farm and Agribusiness Management

Initially, linear programming was used to find optimal crop mix. This work

has grown into large extension farm planning efforts such as OK farms.

These models tend to be either general linear or integer. For example, one

formulation of the farm planning model can be written as

max
x

c′x

s.t. Ax ≤ b
(1.7)

where x is be a vector of possible crop alternatives (wheat, cotton, and

oats), c is a conformable vector of net returns from each crop activity, A is

a matrix of resource constraints

A =

 1 1 1

0.2 0.3 0.1

25 100 10

→ Land

Labor

Capital

(1.8)

and b is a vector of resource constraints. This basic formulation has been

complicated in several ways. In the Midwest, crop yields are dependent on

the length of the growing season. Further, this growing season is determined

by the number of field days. However, the number of field days is stochastic

because they depend on the weather. One way frequently used to control

the effect of the weather is to increase the size of the equipment. Extending

the machinery section and integrating a machinery and labor compliment

lead to B-10 in Indiana that is a machinery-planning model.
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Another extension of the mathematical programming approach has been

the incorporation of risk into the farm-planning model (see Moss’s Chapter

6 [Moss (2010)]). One way that risk may enter the farm management model

is by complicating the objective function

max
x

E [U (x)]

s.t. Ax ≤ b
(1.9)

where E [.] is the expected value operator, U (.) is the utility function, A

is the resource coefficients, b is the vector of resource constraints, and x

is the level of each activity. Freund [Freund (1953)] shows that given that

preferences are negative exponential and returns are normally distributed,

the expected utility function becomes

U (x) = − exp (−ρx)

x ∼ N (µ,Ω)

 ⇒ E [U (x)] = µ′x− ρ

2
x′Ωx. (1.10)

Therefore, the maximization problem becomes a nonlinear optimization

problem

max
x

µ′x− ρ

2
x′Ωx

s.t. Ax ≤ b
. (1.11)

However, given that few closed form conjugates exist, technologies have

evolved to allow direct optimization of more generalized problems

U (y) =
yλ

λ

y ∼ N (µ′x, x′Ωx)

. (1.12)

These formulations typically do not possess closed form solutions and have

to be solved using numerical procedures such as numerical quadrature or

Gaussian quadrature.

Agribusiness firms benefit from optimization techniques in several ways:

Inventory Management, Transhipment Models, and Least Cost Feeds.

Other applications which emphasize the dynamic nature of decision mak-

ing include machinery replacement models which are based on Bellman’s

principle of optimality.
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1.2.3 Farm Firm Development

The typical farm firm development model is primarily interest in firm

growth. Multiperiod programming allowed researchers to examine ques-

tions related to investment, capital accumulation, and debt choice. Swanson

[Swanson (1956)], and Loftsgard and Heady [Loftsgard and Heady (1959)]

focused on the managerial or production response problem. Later Irwin

and Baker [Irwin and Baker (1962)], and Martin and Plaxico [Martin and

Plaxico (1967)] focused on the financial aspects of growth. Moss [Moss

(1984)] focused on the effect of tax codes on firm growth while Moss [Moss

et al. (1987)] focused on the effect of exogenous factors such as macroeco-

nomic innovations on firm growth. Early studies in this area were deter-

ministic, obviously excluding an important aspect of firm growth. Johnson,

Tefertiller, and Moore [Johnson et al. (1967)] opened the door by allowing

crop yields to be stochastic. Moss [Moss et al. (1987)] drew from other

techniques to approximate stochastic optimal control. A significant prob-

lem with these studies have typically been the size of the matrix.

A simple linear formulation of the firm growth model can be specified

as

max
[
c1 c2 c3 · · · cn

]

x1

x2

x3

...

xn



s.t.


A11 0 0 · · · 0

T12 A22 0 · · · 0

0 T23 A33 · · · 0
...

...
...

. . .
...

0 0 0 · · · Ann




x1

x2

x3

...

xn

 ≤

b1
b2
b3
...

bn



(1.13)

Focusing on the first two constraints

A11x1 ≤ b1
T12x1 +A22x2 ≤ b2 ⇒ A22x2 ≤ b2 − T12x1

(1.14)

Again generalizing the model, a decision in year 1 may have multiple pos-

sible outcomes
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max
[
c11 p1c12 p2c22 p3c32

] 
x11

x12

x22

x32



s.t.


A11 0 0 0

T12 A12 0 0

T22 0 A22 0

T32 0 0 A32



x11

x12

x22

x32

 ≤

b1
b2
b3
b4


(1.15)

p1 denotes the probability of event 1 occurring, p2 is the probability of

event 2 occurring, and p3 is the probability of event 3 occurring. If event 1

occurs the profit vector c12 and T12 resources transfer to period 2

A12x12 ≤ b12 + T12x11

A22x22 ≤ b22 + T22x11

A32x32 ≤ b32 + T32x11

(1.16)

1.2.4 Production Response

Production response models have been used to study the impact of some

policy or external shock to the sector. From the firm level, the effect of

changing fertilizer prices, labor availability, or support prices on firm out-

puts, profits, and input demands can be mapped out, much like the duality

approach to production. The firm level effects are then aggregated to the

sector level. An example of this type of model is Center for Agricutural

and Rural Develop (CARD).

1.2.5 Interregional and Spatial Economics

A large section of the literature, but I only want to discuss two types:

Arbitrage or regional supply and demand models: If demand were

distributed identically across all areas of the country, but there was a pri-

mary supply region (for example the orange juice market). What would

the equilibrium look like? What is the impact of profit on a change in

transportation costs? What happens if Brazil enters the market? And

Plant location models: In the past most heavy industry was located in

the north, particularly in the area around the great lakes. As the popula-

tion shifted south more industry shifted south. Why? Current topics, the

technology is being developed to condense most of the water out of milk,
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reducing its shipping cost. Will this cause the dairies to move to Wiscon-

sin? If you were John Deere how do you determine where to locate your

warehouses?

Leibnitz’s Rule

V (r) =

B(r)∫
A(r)

f (x, r) dx

V ′ (r) =
∂V (r)

∂r
= f (B (r) , r)

∂B (r)

∂r
− f (A (r) , r)

∂A (r)

∂r
+

B(r)∫
A(r)

∂f (x, r)

∂r
dx

(1.17)

The competitive market equilibrium maximizes the total consumer and

producer surplus. Mathematically, in a competitive market equilibrium

max
x

x∫
0

pd (z) dz −
x∫

0

ps (z) dz (1.18)

where pd (z) is the consumer’s inverse demand curve and ps (z) is the pro-

ducer’s supply curve (i.e., the area under the producer’s supply curve rep-

resents the total variable cost of production). Differentiating the sum of

consumer surplus and producer surplus yields

pd (z)− ps (z) = 0 (1.19)

Extending the problem to include two demand curves and one producer

max
xT ,x1,x2

x1∫
0

pd1 (z) dz +

x2∫
0

pd2 (z) dz −
xT∫
0

ps (z) dz − tx1

s.t. x1 + x2 ≤ xT

⇒


∂S

∂x1
= pd1 (x1)− ps (x1 + x2) = 0

∂S

∂x2
= pd2 (x2)− ps (x1 + x2)− t = 0

(1.20)

where pd1 (z) is the inverse demand curve for the first consumer and pd2 (z)

is the inverse demand curve for the second consumer.
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1.2.6 Econometrics and Statistical Applications

Historically, econometrics relied on closed form solutions made possible by

linear models of normally distributed random variables. More complicated

models that introduce factors such as concavity constraints and nonnor-

mality do not imply closed form solutions. For example, consider concavity

constrained cost functions as estimated by Featherstone and Moss [Feath-

erstone and Moss (1994)]. Basic cost function formulation

min
x

w′x

s.tF (x, y) = 0

}
⇒ C (w, y)

C (w, y) = α0 + α′w +
1

2
w′Aw + β′y +

1

2
y′By + wj ′Γy

(1.21)

In this formulation, both the A and B matrices are symmetric by Young’s

theorem. In addition, if the optimization conditions are met (as we will

describe in this course) the cost function is concave in input prices, implying

that the A matrix is negative semi-definite. Next, we estimate this cost

function using concentrated maximum likelihood. Specifically, the residual

vector based on any set of parameter estimates is

ei (θ) =


ci −

(
α0 + α′wi +

1

2
w′iAwi + β′yi +

1

2
y′iByi + w′iΓyi

)
x1i − (α1 +A11w1i +A12w2i +A13w3i + Γ11y1i + Γ21y2i + Γ31y31)

x2i − (α2 +A21w1i +A22w2i +A23w3i + Γ12y1i + Γ22y2i + Γ32y31)

x3i − (α3 +A31w1i +A32w2i +A33w3i + Γ13y1i + Γ23y2i + Γ33y31)


(1.22)

hese parameters are estimated by maximizing

max
θ
−T

2
ln |Ω (θ)|

s.t.Ω (θ) =
1

T

T∑
i=1

ei(θ)
′
ei (θ)

(1.23)

While this formulation is complex, it can be estimated using iterative gen-

eralized least squares without resorting to complex mathematical program-

ming algorithms. However, one approach to estimating a concavity con-

strained const function is to estimated the Cholesky decomposition of the

A matrix. Specifically,
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A =

α11 0 0

α12 α22 0

α13 α23 α33

α11 α12 α13

0 α22 α23

0 0 α33



=

α11α11 α11α12 α11α13

α11α12 α12α12 + α22α22 α12α13 + α22α23

α11α13 α12α13 + α22α23 α13α13 + α23α23 + α33α33


(1.24)

This specification is nonlinear enough to require the use of mathematical

programming algorithms.

1.2.7 Policy Analysis

Depending on the scope of the policy analysis, mathematical programming

analysis may imply either partial or general equilibrium formulations. Par-

tial equilibrium analysis analyzes the impact of policy changes (such as

changes to price floors or export enhancement) on the market-clearing price

within a single market. Recent studies have analyzed the impact of addi-

tional identity preservation costs imposed on marketing channels by the

release of genetically modified organisms. General equilibrium analysis ex-

amines the impact of policy changes on the system of prices in the economy.

The only problem is that we know that other prices change as we remove

the price floor.

As depicted in Figure 1.1, the demand for good 2 shifts outward if good

1 and good 2 are substitutes (for the consumer the effect of the removal of

the price floor is a price increase.) On the supply side, the decreased price

of good 1 leads to an outward shift in supply for good 2 given that the

production of good 1 and good 2 compete for limited resources. This inter-

action is complicated as the first market reacts. Specifically, the increased

price of good 2 leads to a leftward shift in the supply curve in the market for

good 1 and an upward shift in the demand for good 1 as depicted in Figure

1.2. These interactions are further complicated by changes in the factor

market. Specifically, if the industry represented a significant demand for

the variable factor, the initial elimination of the price floor implies a decline

in the value of the input. Hence, the overall demand for the input shifts to

the left.

Modeling the interaction between the two markets involves moving from

a partial equilibrium analysis to a general equilibrium analysis. Early work
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on general equilibrium analysis involves the concept of a Walrasian equi-

librium. The primary idea of the Walrasian equilibrium was the concept

that some price vector could be found for any endowment that equated the

supply and demand, or resulted in zero excess demand:
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ξi (p) = D (p,W )− S (p, w)

pi (ξi (p)−Wi) = 0

ξi (p)−Wi ≤ 0

(1.25)

ξi (p) is the excess demand for good i, this excess demand is a function of the

price vector. The demand is determined in part by the initial endowment of

goods W . pi (ξi (p)−Wi) is the complementary slackness conditions. This

condition implies that either the price of the ith good is zero, or its excess

demand is zero.

1.2.8 Nonparametric Efficiency Analysis

A final agricultural specification that has been growing in popularity is

the nonparametric analysis of production efficiency. Economic efficiency of

farms and agribusinesses has been analyzed by first estimating a parametric

cost or profit function as developed in [Featherstone and Moss (1994)].

However, the efficiency results in these studies are conditioned on the choice

of structural form used to estimate the parametric production function as

well as the distributional assumptions used in estimation. An alternative

approach is to allow the most efficient firms to form an efficient technological

envelope. Assuming that a firm produces a vector of m output from n

inputs, a vector of outputs (y∗) could be produced using some combination

of outputs from firms in the sample.

Mathematical Specification

min
z

c∗ =

n∑
i=1

cizi

s.t.

n∑
i=1

yijzi ≥ y∗j , j = 1, · · ·m
n∑
i=1

zi = 1

(1.26)

1.3 An Application: The Case of Precision Agriculture

One of the current rages in commercial agriculture is the evolution of pre-

cision agriculture. Several equipment companies are currently producing

equipment such as combines, fertilizer spreaders, and sprayers to either

provide input or respond to global positioning systems. The notion is that
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instead of treating fields as 100 acre units, new technologies can increase

productivity by dividing the field into 30 foot by 30 foot unites. Fertilizer

and pesticide applications can then be tailored to these small tracts.

The whole philosophy of precision agriculture would appear sound.

Specifically, the use of information to equate the marginal cost and rev-

enue for each productive unit would appear to increase economic efficiency.

However, as is typically the case, the information is not costless. The new

measuring devices for combines may cost several thousand dollars per ma-

chine. In addition, the farmer faces a substantial commitment in time and

must acquire additional human capital. Thus, some study of the marginal

costs and potential returns to this technology would appear appropriate.

This section examines the potential payoff of precision agriculture using

a stylized primal approach. Specifically, I assume that each field is actually

a combination of two fields with different primal production functions. The

gain to precision agriculture is then the profit from identifying each tract of

land. This gain must be compared against the cost of the new equipment.

To simplify the study, I assume a single fertilizer input.

1.3.1 A Hyperbolic Tangent Production Function

The primal approach requires the assumption of a production function. In

this study, we have decided to use the hyperbolic tangent function. Most

production functions have at least one draw back. The traditional Cobb-

Douglas function possesses a constant concavity ruling out increasing yields

at an increasing rate. However, the hyperbolic tangent production function

also has a problem in that it does not possess a stage III (see Moss [Moss

(2014)] for a discussion of the stages of production).

Graphically, the hyperbolic tangent function in its original form is pre-

sented in Figure 1.3 Thus, we must modify it to make a legitimate pro-

duction function. In this study, we define corn production as

f (x, α0, α1, αmax) =
αmax

2
[1 + tanh (α0 + α1x)] (1.27)

where x represents the level of fertilizer applied while the parameters α0 ,

α1 , and αmax allow us to control the shape of the function. The α0 and

α1 parameters allow us to change the location of the inflection point and

the relative steepness of the production function at every point while αmax
sets the maximum yield. Letting α0 = −1.25, α1 = 0.05, and αmax = 150

yields the stylistic production function in Figure 1.4.
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Fig. 1.4 Hyperbolic Tangent Production Function for Corn

Given this basic production function, we have several possibilities for

varying production within the same field. For example, the soil may be

of the same type, but past production practices may have changed the

carryover level of nitrogen in the soil. In this case, it would be possible
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to envision several parallel production surfaces as depicted in Figure 1.5.

This figure depicts the difference between α0 = −1.25 and α0 = −1.50.

The production function with α0 = −1.50 would represent those pieces of

ground with a lower nitrogen carryover.
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Fig. 1.5 Production Function with Different Nitrogen Carryover

An alternative is the case where the soil types are fundamentally differ-

ent. For example, a field may have sand and sandy loam. In this scenario,

the productive capacity of the land as well as the relative nitrogen carry-

over may be altered as depicted in Figure 1.6. In this scenario, we have

changed from α0 = −1.25 to α0 = −1.50 and set αmax to 125 for the poor

soil and 175 for the good soil. Intuitively, this keeps the same average max-

imum yield at 150 bushels per acre. The relationship between the average

production functions and the production function for poor and good soils

is depicted in Figure 1.7.

1.3.2 Profit Maximization

Given these production relationships, we turn to the question of: What

is precision agriculture worth? We will accomplish this analysis in stages.

The concept of a technology which separates a large field into several sub-

fields automatically raises the question of accuracy. The first analysis will

assume that the new technology separates the fields perfectly. Afterwards,
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we will build on those results by allowing for slippage so that the high car-

ryover subfield is treated as a low carryover subfield. This scenario may be

visualized as either a inaccuracy of the technology or the limit of the unit

of measure (i.e. 30 foot by 30 foot instead of 10 foot by 10 foot).
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Perfect Seperation

As a first step, we begin with the assumption that both the precision tech-

nology and the associated measurement are perfect. Assuming that δ is the

percent of the land of the higher carryover type, the perfectly separated

optimum is derived from the profit maximization problem

max
x1,x2

π (δ) = 3.00 [δf (x1,−1.25, .05., 150) + (1− δ) f (x2,−1.50, .05, 150)]

−.50 (δx1 + (1− δ)x2)
(1.28)

where we have assumed that the corn price is $3.00/bushel with a fertilizer

price of $.50/pound. The numeric optimum for this optimization problem

indicates that x∗1 = 69.71 pounds of fertilizer while x2
2 = 74.77 pounds. The

profit per acre for this allocation is $408.81.

No Separation

The profit without separation can be derived from the maximization prob-

lem

max
x

π (δ) = 3.00 [δf (x,−1.25, .05, 150) + (1− δ) f (x,−1.50, 0.05, 150)]

−0.50x
(1.29)

where x is the level of fertilizer applied to both the high and low carryover

parcels. The optimum level of fertilizer without separation can be derived

as 72.57 pounds per acre. As we would expect, this level of fertilizer is

about half way between the separated levels. The optimal level of profit

without separation is $408.66/acre. Thus, the net return to precision agri-

culture would be $.15/acre or, assuming that the farmer farms two sections,

$193.63/year. The amortized value of this gain over 10 years at a discount

rate of 8% is $1299.28.

Graphically, the potential gain to precision agriculture is a function

of the distribution between the two types of land. Figure 5 depicts the

amortized value of precision farming as δ increases. In general, we see that

the value of precision agriculture increases as δ approaches .5 and then

declines. In addition, figure 5 also depicts the effect of a reduced dispersion

between the production functions. Specifically, if we compare α0 equal to

-1.30 or -1.50 as opposed to -1.25 or -1.50, we see that the relative gain

declines.
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Chapter 2

Review of the Mathematics of
Optimality

2.1 A Review of Expansions

First a review of the general notions of the Taylor expansion. The general

notion of the Taylor expansion is the value of a function at a point (z) can

be derived based on the value of that function at another point (a), the

derivatives of the function evaluated at a, and the difference between a and

z. Specifically,

f(z) = f(a)+f ′(a)(z−a)+
f ′′(a)

2
(z−a)2+· · · f

(n) (a)

n!
(z − a)

n
+· · · . (2.1)

However, the most powerful statement about the Taylor series expansion is

that we know something about the residual or the approximation error if

we truncate the expansion to a lower order

f(z) = f(a) + f ′(a)(z − a) +
f ′′(a)

2
(z − a)2+

· · · f
(n) (a)

n!
(z − a)

n
+Rn+1 (z − z∗)n+1

where Rn+1 =
f (n+1) (a)
(n+ 1)!

for some z∗ ∈ [z, a]

(2.2)

Equation 2.1 states that the infinite order expansion is an equivalent func-

tion to the original function while Equation 2.2 depicts the approximation

over the first n derivatives. This approximation has an error, but the error

is bounded based on the n+ 1 derivative.

The first notion is reasonable and somewhat intuitive in the case of the

quadratic function

17
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f (x) = x2 + ax+ c (2.3)

Using the Taylor apparatus, we approximate the value of the function at

x1 given the value of the function at x2

f (x1) = f (x0) + (2x0 + a) (x1 − x0) +
2

2
(x1 − x0)

2

=
{
x2

0 + ax0 + c
}

+
{

2x0x1 + ax1 − 2x2
0 − ax0

}
+
{
x2

1 − 2x1x0 + x2
0

}
= x2

1 + ax1 + c
(2.4)

so in the case of the quadratic function, the second order Taylor series

expansion is exact. In order to induce an error term, consider the second

order expansion of a cubic function

g (x) = x3 + ax2 + bx+ c

g (x1) ≈ g (x0) +
(
3x2

0 + 2ax0 + b
)

(x1 − x0) +
(6x0 + 2a)

2
(x1 − x0)

2

(2.5)

Substituting the g (x0) into the approximation yields

g (x1) ≈ g̃ (x1) = (3x0 + a)x2
1 −

(
3x2

0 + b
)
x1 + x3

0 + c. (2.6)

The approximation error can then be written as

ε (x1, x0) = g (x1)− g̃ (x1) = (x1 − x0)
3
. (2.7)

Hence, the approximation error for the Taylor series expansion is bounded

in the neighborhood around the point of approximation.

Other useful expansions include the Fourier expansion which depicts a

function as the sum of sinusoids:

f(t) =
1

2
a0 +

∞∑
n=1

[an cos (wnt) + bn sin (wnt)] (2.8)

where wi is a specific frequency. The notion is that a sufficient number

of sinusoids can be added together to sufficiently proxy any general real

function.
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2.2 Optimality Conditions

The real workhorse in our discussion of optimality is the Taylor series ex-

pansion. First, some terminology. Let us begin by assuming that there

exists a univariate function f (x) defined over a given range x ∈ [x0, x1] .

x∗ is defined as a strong local minimum if f (x∗) < f (x) for all x ∈ N (x∗, δ)

, x 6= x∗ . x∗ is a weak local minimum if f (x∗) ≤ f (x) for all x ∈ N (x∗, δ)

, x 6= x∗ . However, local optimals are not sufficient, i.e. additional as-

sumptions are required to guarantee that local optimal are also global.

Next, we derive the conditions for optimality from Taylor series. First,

note that the value of the function f (x) can be derived for any point x ∈
N (x∗, δ) using the Taylor series expansion of of that function from the

point x∗ (f (x∗))

f (x) = f (x∗) + f ′ (x∗) (x− x∗) +
1

2
f ′′ (x∗) (x− x∗)2

+R3. (2.9)

Assuming that R3 → 0 as δ → 0 and rearranging we have

f (x)− f (x∗) = f ′ (x∗) (x− x∗) +
1

2
f ′′ (x∗) (x− x∗)2

. (2.10)

If f (x∗) < f (x) for all x ∈ N (x∗) then f (x)− f (x∗) > 0 for x ∈ N (x∗) .

Thus, if x∗ is a strong local minimum then

f ′ (x∗) (x− x∗) +
1

2
f ′′ (x∗) (x− x∗)2

> 0. (2.11)

Given that x ∈ N (x∗) is a two sided concept (x− x∗) ≷ 0 . Thus, as

x → x∗ from the left f ′ (x) ≤ 0. Similarly, if x → x∗ from the right

f ′ (x) ≥ 0. If the first derivative is smooth, these conditions imply that

f ′ (x∗) = 0 in order for the derivative to switch from negative to positive

at x∗. In addition, if the first derivative is smooth so that the derivative

switches from negative to positive, f ′′ (x∗) > 0 for x ∈ N (x∗) .

2.3 Weierstrass’s Theorem

The Weiestrass theorem guarantees that a continuous function has a max-

imum and a minimum on a closed and bounded interval. The notion of a

continuous function is that there exists a function defined on an interval A

such that
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f : A→ R1 whereA = [x0, x1] and lim
x→x∗−

f (x) = lim
x→x∗+

f (x) = f (x∗)

(2.12)

for all x∗ ∈ A. Thus, there are no holes in the functional mapping.

Given this general structure we know that the maximum or minimum

must either be at a local maximum or minimum, or a boundary point.

The notion that the function is continuous presents the possibility of dis-

continuous derivatives. Thus, we are left with two general scenarios. A

continuous function on a closed and bounded interval does not possess a

local maximum or minimum. In this scenario either f (x∗)− f (x) < 0 for

all x∗ > x in the interval in which case the function is constantly decreasing

over the entire interval. In which case, the function reaches its maximum

at the lower bound of the interval and its minimum at the upper bound of

the interval. Alternatively, f (x∗)− f (x) > 0 for all x∗ > x in the interval

in which case the function is constantly increasing over the entire interval.

Hence, the function reaches its maximum at the upper bound of the in-

terval and its minimum at the lower bound of the interval. In the second

scenario, the function possesses local maxima or minima in the interval.

Under this scenario, the global maximum or minimum may occur at either

one of those local optima or at the boundaries. Note that we only guarantee

the existence of the maximum or minimum values, not the uniqueness of x

associated with those values.

Regularity Conditions The smoothness of the calculus then may allow

a unique characterization. If f (x) ∈ C1 (i.e., the first derivative of the

function is continuous throughout the domain) then the relative minimum

or maximum only occurs where f ′ (x) = 0. However, again, this does not

guarantee a unique solution for x. Further, f (x) ∈ C2 (i.e., the second

derivative of the function is continuous throughout the domain) also does

not guarantee a unique solution. However, if f (x) ∈ C2 and f ′′ (x) < 0

over the entire interval for a maximum or f ′′ (x) > 0 over the entire interval

for a minimum then the optima will be unique.

2.4 Introduction to Multivariate Unconstrained and Con-

strained Optimality

2.4.1 First and Second Order Necessary Conditions

As a first step, let us develop the first and second order necessary conditions

for the multivariate function. Like the univariate case, the development of
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the multivariate optimum is based on the Taylor series expansion. The

multivariate form of the Taylor series expansion is typically restricted to

the first two moments by convenience, as

f (x) = f (x∗) +∇xf (x∗) dx+
1

2
dx′∇2

xxf (x∗) dx. (2.13)

Again, subtracting f (x∗) from each side we are left with

f (x)− f (x∗) = ∇xf (x) dx+
1

2
dx′∇2

xxf (x∗) dx ≤ 0 (2.14)

for a maximum at x∗. Thus, the first order necessary condition for the

unconstrained maximum is that ‖ ∇xf (x∗)‖ → 0 (i.e., the norm of the

gradient matrix approaches zero – basically a multivariate form of notion

that the first derivative equals zero).1 The second order necessary condition

for the unconstrained maximum is that ∇2
xxf (x∗) is negative semi-definite

(or x′∇2
xxf (x∗)x ≤ 0) for all x in the neighborhood around x∗. The later

condition is if all of the eigenvalues of the Hessian matrix are less than or

equal to zero.

As an example, consider the optimization problem

max
y1,y2,x1,x2,x3

3.75 exp (y1) + 4.65 exp (y2)− 1.50x1 − 2.00x2 − 1.25x3

s.t. y1 = f1 (x1, x2, x3) = 0.15 ln (x1) + 0.25 ln (x2) + 0.55 ln (x3)

y2 = f2 (x1, x2, x3) = 0.30 ln (x1) + 0.35 ln (x2) + 0.30 ln (x3)
(2.15)

which is similar to maximizing the product of related Cobb-Douglas pro-

duction functions. Substituting each of the constraints into the objective

function yields

max
x1,x2,x3

π = 3.75x0.15
1 x0.25

2 x0.55
3 + 4.65x0.30

1 x0.35
2 x0.30

3

−1.50x1 − 2.00x2 − 1.25x3

. (2.16)

Consider the point
1The norm of a vector can be defined in general as

‖ xi‖ p =

k∑
i=1

∣∣xp
i

∣∣1/p
where p ≥ 0. If p = 2, the norm is a traditional distance
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{ x1, x2, x3} = { 8.7357, 8.8229, 20.5546} (2.17)

the gradient vector of Equation 2.16 becomes

∇xπ =


−1.50 +

0.8250x0.35
2 x0.30

3

x0.70
1

+
0.3750x0.25

2 x0.55
3

x0.85
1

−2.00 +
0.9625x0.30

1 x0.30
3

x0.65
2

+
0.6250x0.15

1 x0.55
3

x0.75
2

−1.25 +
0.8250x0.30

1 x0.35
2

x0.70
3

+
0.13750x0.15

1 x0.25
2

x0.45
3


=

 −1.6373× 10−9

4.3609× 10−9

−5.97424× 10−10

 .
(2.18)

The 2–norm (‖ ∇xπ‖ 2) is 4.64554× 10−9 which is close to zero. Numeri-

cally, the Hessian matrix at this point is

∇2
xxπ =

−0.1294 0.0534 0.0285

0.0534 −0.1574 0.0400

0.0285 0.0400 −0.0323

 (2.19)

which is negative definite (e.g., the maximum eigenvalue of the matrix in

Equation 2.19 is -0.0048).

2.4.2 Imposing a General Equality Constrained Optimum

The first stage in our discussion will be a fairly general description of the

problem at hand. We are now interested in developing the optimality con-

ditions for the problem

max
x

f (x)

s.t. G (x) = b
(2.20)

where f (x) is a scalar valued function mapping the vector of inputs into a

single value and G (x) is a potentially vector valued function (i.e., it maps n

inputs into m results which are potentially constrained). In order to solve

the constrained problem we start by assuming that we have a value that

solves the nonlinear constraints and form a linear approximation around

that point
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G (x) ≈ G (x∗) +∇xG (x∗) dx

∇xG (x) =



∂G1 (x)
∂x1

∂G1 (x)
x2

· · · ∂G1 (x)
∂xn

∂G2 (x)
∂x1

∂G2 (x)
x2

· · · ∂G2 (x)
∂xn

...
...

. . .
...

∂Gm (x)
∂x1

∂Gm (x)
x2

· · · ∂Gm (x)
∂xn



(2.21)

Given the Taylor series expansion of the vector equation, we can see that

starting from a feasible point x̄ and stepping to another feasible point x̂

involves solving the equation

G (x̄)−G (x̂) = ∇xG (x̂) dx = 0 (2.22)

thus any dx in the null space of ∇xG (x̂) maintains feasibility.

Simplifying this in the current case assume that ∇xG (x̂) dx can be

written as

[
G1 G2

] [dx1

dx2

]
= 0 (2.23)

where G1 and G2 are the partitioned values from the Jacobian matrix

evaluated at x̂ . This partitioning would be such that G1 is an m by m

matrix where m is the number of equations in the vector valued function.

Thus, G2 is a m by n −m matrix. This partitioning gives us the matrix

equation

G1dx1 +G2dx2 = 0 (2.24)

Notice that this equation can be solved for dx1 as

dx1 = −G−1
1 G2dx2 (2.25)

which gives the change in x1 associated with a change in x2 which maintains

feasibility in the constraints.
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To make this development a little more concrete, consider a slight re-

formulation of the joint production problem presented in Equation 2.15

max
y∗1 ,y

∗
2 ,x1,x2,x3

3.75y∗1 + 4.65y∗2 − 1.50x1 − 2.00x2 − 1.25x3

y∗1 = x0.15
1 x0.25

2 x0.55
3

y∗2 = x0.30
1 x0.35

2 x0.30
3

. (2.26)

The Jacobian or matrix of first derivatives for the two constraints can be

written as

∇xG (x) =


0.15x0.25

2 x0.55
3

x0.85
1

0.25x0.15
1 x0.55

3

x0.75
2

0.55x0.15
1 x0.25

2

x0.45
3

0.30x0.35
2 x0.30

3

x0.70
1

0.35x0.30
1 x0.30

3

x0.65
2

0.30x0.30
1 x0.25

2

x0.70
3

 (2.27)

Substituting the solution from Equation 2.17 yields y∗1 = 2.53188 and

y∗2 = 2.31908 with a Jacobian matrix of

∇xG (x∗) =

[
0.21596 0.356378 0.336703

0.349128 0.403293 0.148452

]
. (2.28)

To maintain feasilibity we divide the Jacobian into two parts

G1 =

[
0.21596 0.356378

0.349128 0.403293

]
G2 =

[
0.336703

0.148452

]
(2.29)

The change in value of x3 that maintains feasbility can then be computed

as

dx3 = −
[

0.21596 0.356378

0.349128 0.403293

]−1 [
0.336703

0.148452

] [
dx1

dx2

]
. (2.30)

Returning to the basic optimization problem, we develop our standard

Taylor series expansion of the objective function

f (x)− f (x∗) = ∇xf (x∗) dx+
1

2
dx′∇2

xxf (x∗) dx ≤ 0 (2.31)

Partitioning this expression in the same manner as the constraint matrix,

we have
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[
f1 f2

] [dx1

dx2

]
+

1

2

[
dx1 dx2

] [F11 F12

F21 F22

] [
dx1

dx2

]
≤ 0 (2.32)

substituting for the feasibility constraint yields

[
f1 f2

] [−G−1
1 G2dx2

dx2

]
+

1

2

[
−dx2

′G2
′G−1

1

′
dx2

] [F11 F12

F21 F22

] [
−G−1

1 G2dx2

dx2

]
≤ 0

(2.33)

The first necessary condition for this problem can then be defined as

−f1G
−1
1 G2dx2 + f2dx2 = 0[

f2 − f1G
−1
1 G2

]
dx2 = 0∥∥ f2 − f1G

−1
1 G2

∥∥ = 0

(2.34)

Intuitively, this condition implies that the gradient projected along a fea-

sible path must be equal to zero at optimum. The second order necessary

conditions are then defined by

[
−dx2

′G2
′G−1

1

′
dx2
′
] [F11 F12

F21 F22

] [
G−1

1 G2dx2

dx2

]
=

[
dx2
′G2
′G−1

1 F11 + dx2
′F21 dx2

′G2
′G−1

1

′
F12 + dx2

′F22

] [G−1
1 G2dx2

dx2

]
[
dx2
′G2
′G−1

1

′
F11G

−1
1 G2dx2 + dx2

′F21G
−1
1 G2dx2+

dx2
′G2
′G−1

1

′
F12dx2 + dx2

′F22dx2

]
dx2
′
[
G2
′G−1

1

′
F11G

−1
1 G2 + F21G−1

1 G2 +G2
′G−1

1

′
F12 + F22

]
dx2

(2.35)

2.4.3 Imposing Linear Equality Constraints

The general programming problem presented in Chapter 1 can be written

max
x

f (x)

s.t G (x) = b
(2.36)

can be restructured into the linearly constrained equality problem
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max
x

f (x)

s.t.Ax = b
(2.37)

Mathematically one such problem is the portfolio choice problem where an

individual minimizes the variance of an investment portfolio subject to an

income constraint

min
x
f (x) = x′Ωx =

[
x1 x2 x3 x4

] 
ω11 ω12 ω13 ω14

ω21 ω22 ω23 ω24

ω31 ω32 ω33 ω34

ω41 ω42 ω43 ω44



x1

x2

x3

x4


= ω11x

2
1 + 2ω12x1x2 + 2ω13x1x3 + 2ω14x1x4 + ω22x

2
2+

2ω23x2x3 + 2ω24x2x4 + ω33x
2
3 + 2ω34x3x4 + ω44x

2
4

s.t. µ1x1 + µ2x2 + µ3x3 + µ4x4 = Y ∗

(2.38)

Mathematically, solving this system is based on the null-space of the income

constraint. In this case, setting the level of x2 through x4 determines the

level of x1

x1 =
Y ∗

µ1
− µ2

µ1
x2 −

µ3

µ1
x3 −

µ4

µ1
. (2.39)

We could substitute for this equality into the original objective function

f∗ (x) = ω11

(
Y ∗

µ1
− µ2

µ1
x2 −

µ3

µ1
x3 −

µ4

µ1

)
+

2ω12x2

(
Y ∗

µ1
− µ2

µ1
x2 −

µ3

µ1
x3 −

µ4

µ1

)
+

2ω13x3

(
Y ∗

µ1
− µ2

µ1
x2 −

µ3

µ1
x3 −

µ4

µ1

)
+

2ω14x4

(
Y ∗

µ1
− µ2

µ1
x2 −

µ3

µ1
x3 −

µ4

µ1

)
+

ω22x
2
2 + 2ω23x2x3 + 2ω24x2x4 + ω33x

2
3 + 2ω34x3x4 + ω44x

2
4.

(2.40)

reducing the multivariate constrained problem to a multivariate uncon-

strained problem. However, this scenario becomes impractical as the num-

ber of equations and variables grow.

Another way to conceive the problem is by the formal definition of the

null space. What we want to do is to develop a formalized way of making
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the statement that p = (x̄− x̂) implies that Ax̄ = b and Ax̂ = b. Thus,

Ax̄ = Ax̂ implies that A (x̄− x̂) = 0 or that Ap = 0 . The collection of all

such vectors is referred to as the null space. Specifically, let the columns of

matrix Z form a basis; then AZ = 0 defines the null space.

In this case, we need to modify our concept of the neighborhood. Pre-

viously, we were interested in any projection around x∗, thus x = x∗ + p.

Now, we are only interested in those points that maintain feasibility. To

accomplish this, we begin with a projection (or perturbation) in the same

dimension as the null space. This perturbation is then mapped into the gen-

eral space using the null space basis. Thus, the set of feasible xs becomes

x = x∗ + Zp. The second order expansion of the function then becomes

f (x) = f (x∗) +∇xf (x∗)Zp+
1

2
p′Z ′∇2

xxf (x)Zp. (2.41)

Again using the mechanics for a maximum, we have that

f (x)− f (x∗) = ∇xf (x∗)Zp+
1

2
p′Z ′∇2

xxf (x∗)Zp ≤ 0 (2.42)

for any p. Hence, we derive the first necessary condition for a maximum

that

∇xf (x∗)Z = 0 (2.43)

which states that the projected gradient is equal to zero at optimal. Simi-

larly, the second order necessary condition for an optimal becomes

Z ′∇2
xxf (x∗)Z is negative semi− definite (2.44)

Summary of Optimality Conditions for Unconstrained and

Linearly Constrained

• Necessary Conditions

– Unconstrained Optimization

∗ ‖ ∇xf (x∗)‖ = 0 or x∗ is a stationary point.

∗ ∇2
xxf (x∗) is negative semi-definite.

– Linearly Constrained Optimization
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∗ Ax∗ = b or the point is feasible.

∗ ‖ Z ′∇xf (x∗)‖ = 0 or the projected gradient is equal

to zero. This point can be equivalently defined by

∇xf (x∗) = Aλ∗ where λ∗ is the vector of shadow val-

ues.

∗ Z ′∇2
xxZ is negative semi-definite

• Sufficient Conditions

– Unconstrained Optimization

∗ ‖ ∇xf (x∗)‖ = 0 or x∗ is a stationary point.

∗ ∇2
xxf (x∗) is negative definite.

– Linearly Constrained Optimization

∗ Ax∗ = b or the point is feasible.

∗ ‖ Z ′∇xf (x∗)‖ = 0 or the projected gradient is equal

to zero. This point can be equivalently defined by

∇xf (x∗) = Aλ∗ where λ∗ is the vector of shadow val-

ues.

∗ Z ′∇2
xxZ is negative definite

2.5 An Applied Example

Using data from Levy and Sarnat, the variance matrix in the above problem

can be set as

Ω =


924.41 458.52 202.22 135.22

458.52 761.29 452.99 72.55

202.22 452.99 490.11 109.09

135.22 72.25 109.09 284.17

 (2.45)

Next, we impose two constraints. Ther first constraint is the income con-

straint and the second is the portfolio balance constraint

8.119x1 + 11.366x2 + 6.298x3 + 8.014x4 = 7.00

x1 + x2 + x3 + x4 = 1.00
(2.46)

Using MINOS 5.6 (as decribed in Appendix B) the optimal portfolio of

assets can be computed as



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 29

Mathematics of Optimality 29

x =


0.11613

−0.10666

0.39508

0.59545

 (2.47)

Summing the vector of xs we see that the sum is 1.0 and the expected return

is 7.0. The necessary conditions for optimality then become the projected

gradient and hessian matrices. The null space matrix for the constraint set

is

Z =


−0.86287 0.00000

0.22195 −0.271782

0.340534 −0.530893

0.300383 0.802675

 (2.48)

The gradient vector evaluated a the solution is

∇xf (x) =


437.714

388.076

467.519

440.616

 (2.49)

The projected gradient then becomes

Z ′∇xf (x) =
(

0.0036136 −0.00288491
)

(2.50)

2.6 Linear Inequality

As previously developed, the first-order necessary conditions for a linearly

constrained equality can be written as

Z ′∇xf (x) = 0 or ∇xf (x) = A′λ (2.51)

where λ is a vector of Lagrange Multipliers. Another way to look at the

problem is that the Lagrange multipliers are that set of constants which

equate the gradient with the linear constraints.

Proof. Starting with a two constraint model

L = f (x) + λ1 (b1 − a1x) + λ2 (b2 − a2x) (2.52)
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where a1 is a row vector (conformable to x) and a2 is a column vector. The

expression in Equation 2.52 can be rewritten as

L = f (x)− λAx (2.53)

in this example A is a 2×n matrix (where there are n variables in x). Thus,

Ax is a 2× 1 vector and λ is a 1× 2 vector.

Forming the gradient vector for the Lagrangian (i.e., taking the deriva-

tives of Equation 2.52 yields

∇xL = ∇xf (x)− λ1a1 − λ2a2 = 0 or ∇xf (x) = A′λ. (2.54)

The general concept of the lagrange multiplier and the null space matrix

then work together.

Another concept that I want to discuss is the fact that a equality con-

strained problem can have lagrange multipliers of either side. Intuitively,

the lagrange multiplier is the change in the objective function associated

with a one unit increase in the right hand side of the constraint. There-

fore, in a maximization problem: (1) If the constraint cuts the frontier

below the global maximum (assuming that the objective function resem-

bles a quadratic function), the lagrange multiplier will take on a positive

value implying that an increase in the right hand side of the constraint

will increase the objective function value. And (2) if the constraint cuts

the frontier above the global maximum (again assuming that the objective

function resembles a quadratic function), the lagrange multiplier will take

on a negative value implying that an increase in the right hand side of the

constraint will cause the objective function to decline.

A numerical example based on the Levy and Sarnat portfolio problem.

The formulation above minimizes the variance of a portfolio with a return

of 7 percent. The optimal portfolio was

x =


0.11613

−0.10666

0.39508

0.59546

 (2.55)

The constraint matrix for this problem was
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A =

(
8.199 11.366 6.298 8.014

1.0 1.0 1.0 1.0

)
(2.56)

Forming the lagrange expression, we will try to find λ1 and λ2 such that

∇xf (x∗) =


437.712

388.069

467.511

440.613

 =


8.199 1.0

11.366 1.0

6.298 1.0

8.014 1.0

(λ1

λ2

)
(2.57)

The two shadow values can be found by solving the system


8.199 1.0 436.712

11.366 1.0 388.069

6.298 1.0 467.511

8.014 1.0 440.613

 (2.58)

which yields a row reduced form of


1 0 −15.675

0 1 566.212

0 0 0

0 0 0

 (2.59)

One cautionary note is that using automatic row-reduction procedures in

Gauss or Mathematica may reduce the problem beyond the first two row

operations due to rounding problems. I would recommend manual reduc-

tions.

The conditions for inequality constraints are built from the concepts in

the linear equality constraints. Specifically, the general form of the linearly

constrained inequality programming (LIP) problem is stated

max
x

f (x)

s.t. Ax ≤ b
(2.60)

Again, we will use the null space, but in applying the null space we will

divide the set of linear constraints into active or binding and nonactive or

nonbinding constraints (depicted graphically in Figure 2.1). The binding

constraints must satisfy all the properties that an equality must satisfy, but

a nonbinding constraint is omitted from the construction of the null space.

Mathematically, the necessary conditions for a linear inequality con-

strained problem are
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Binding

Nonbinding

1
x

2
x

Fig. 2.1 Binding and Nonbinding Constraints

• Ax ≤ b
• Z ′∇xf (x) = 0 or ∇xf (x) = A′λ

• λ ≥ 0

• Z ′∇2
xxf (x)Z is negative semi-definite

where Z (the null space matrix is defined for only the active or binding

constraints of A).

Given these conditions we see that the portfolio problem discussed above

is not consistent with income greater than or equal to 7 percent rather

than exactly equal 7 percent. Specifically, λ1 = −15.675. Thus, the income

constraint is constraining income below the global minimum for variance.

Another example developed in the mathematica notebook Con-

strained2.ma is the utility maximization problem where the consumer max-

imizes utility defined as:
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max
x

(
4 3 1 9

)
x1

x2

x3

x4

−

(
x1 x2 x3 x4

)
1 0.025 −0.0125 0.0166

0.025 0.750 0.0005 −0.001

−0.0125 0.0005 0.25 0.045

0.0166 −0.001 0.045 1.25



x1

x2

x3

x4


(2.61)

Subject to the income constraint

(
3 2 4 9

)
x1

x2

x3

x4

 ≤ Y (2.62)

We see that the unconstrained problem has a global maximum in the pos-

itive quadrant. The exact maximum is

x =


x1

x2

x3

x4

 =


1.91157

1.94001

1.45741

3.52385

 (2.63)

The required level of income to meet this global maximum is 33.0636.

Thus, we want to evaluate two scenarios. Under the first scenario the

level of income is set at 40.0 which is beyond the level required for the

global maximum. Under this scenario we solve

max
x

f (x)

s.t.
(

3 2 4 5
)
x = 40

(2.64)

which yields an optimal solution of λ = −0.14383. Following the classi-

cal necessary conditions for optimization, we see that this point fails even

though the projected gradient is zero because the sign on the Lagrange

multiplier is wrong. The utility maximizing point in this case is actually

the global maximum.

The second scenario then involves constraining y to be less than 30. In

this case, the optimum solution becomes
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x =


1.81084

1.85618

0.94317

3.41237

 (2.65)

with λ = 0.065537.

Under this scenario, it is possible to show that (1) the constraint set is

met, (2) the projected gradients vanish, (3) the Lagrange multipliers are

greater than or equal to zero, and (4) the projected Hessian is negative

definite. Thus, this solution meets the first and second order necessary and

sufficient conditions for a maximum.

2.7 Necessary and Sufficient Conditions for Nonlinear Con-

straints

2.7.1 Simple Constraint

To begin our discussion, let us assume that we want to maximize a quadratic

utility function subject to an elliptical constraint. Abstracting away from

the objective function I want to develop the meaning of the first order

Taylor expansion of this elliptical constraint at a given point. Let the

elliptical constraint be

g (x) = 10− 3x2
1 − 2x2

2 (2.66)

This surface is ploted in Figure 2.2. To generate this surface we solve

for the implicit function of x1 in terms of x2

g (x)⇒ x1 =

√
6

3

√
5− x2

2 (2.67)

Next, we want to linearize this function at a particular point, say x2 = .75.

Solving the implicit function at this point yields x1 = 1.71998 as graphed

in Figure 2.3.

The Taylor series expansion of thie constraint is then defined as

G (x) ≈ G (x∗) +∇xG (x∗) dx (2.68)

The Jacobian of this expansion is defined as
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Fig. 2.2 Nonlinear Constraint

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

2
x

1
x

Fig. 2.3 Linear Approximation

∇xG (x) =



∂G1 (x)
∂x1

∂G1 (x)
∂x2

· · · ∂G1 (x)
∂xn

∂G2 (x)
∂x1

∂G2 (x)
∂x2

· · · ∂G2 (x)
∂xn

...
...

. . .
...

∂Gm (x)
∂x1

∂Gm (x)
∂x2

· · · ∂Gm (x)
∂xn


(2.69)
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is the cornerstone of the linear approximation. For the current problem,

the Jacobian at the point of approximation is

∇xG (x) =
(
−10.3199 −3.00

)
(2.70)

The linear relatinship around that point then becomes

G (x)−G (x∗) =
(
−10.3199 −3.0000

)(x1 − 1.71998

0.75

)

G (x)−G (x∗) = 20− 10.3199x1 − 3.000x2

(2.71)

Optimality Conditions

• G (x) = 0.

•
∥∥ Z (x)

′∇xf (x)
∥∥ = 0 or ∇xf (x) = A (x)

′
λ.

• Z (x)
′
W (x, λ)Z (x) is positive semi-definite for the necessary con-

ditions (and positive definite for the sufficient conditions).

where

W (x, λ) = ∇2
xxf (x)−

m∑
i=1

λi∇2
xxGi (x) (2.72)
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Algorithms for Optimization

3.1 Univariate Newtons’s Method

As a starting point consider the problem of finding the maximum of a

quadratic utility function

U (x) = 5x2 − 4x+ 2 (3.1)

which has a minimum determined by setting its first derivative equal to

zero

∂U (x)

∂x
= 10x− 4 = 0

x =
2

5

(3.2)

In addition, straghtforward transformations such as

U (x) = e5x
2 − 4x+ 2 (3.3)

offer little additional complexity

∂U (x)

∂x
= U (x) [10x− 4] = 0

x =
2

5

(3.4)

Thus, the functions presented in Equations 3.1 and 3.3 are not complex

enough to be interesting functions to discuss algorithms. Another possibil-

ity is a rational function

f (x) =
5x2 − 4x+ 2

x+ 10
(3.5)

37
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which is depicted in Figure 3.1. However, these functions typically have

bizarre discontinuities as depicted in a plot of a broader range for the same

function in Equation 3.1. This plot shows the vertical asymptote at x =

−10.
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Fig. 3.1 Graph of Rational Function
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Fig. 3.2 Extended Graph of Rational Function
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If we restrict our attention to the range of x’s such that x is greater than

-10 the problem becomes more tractable. Taking the first-order condition

∂f (x)

∂x
=

10x− 4

10− x
− 5x2 − 4x+ 2

(x+ 10)
2 = 0

x =
−100 + 2

√
2710

10
x = 0.411532

(3.6)

Most of the numeric optimization procedures involve numerically finding

the zero of the derivative. The gradient of the rational over the range

x ∈ (−10,∞] is presented in Figure 3.3.

-10 -5 5 10 15 20
x

-40

-30

-20

-10

f '[x]

Fig. 3.3 Derivative of Rational Function

3.1.1 Method of Bisection

The method of bisection involves shrinking the interval. Specifically, sup-

pose that the original interval was [−8, 20]. Evaluating the function at each

point f [−8] = 16.111 and f [20] = 64.067. The midpoint of the interval is

x = 6. At x = 6, the value of the derivative is f [6] = 2.88281. Therefore,

we throw away to higher bisection yielding an interval of [−8, 6] (we throw

away the bisection with the same sign on the derivative). Next, taking the

midpoint of the new interval is -1 with a derivative value of -1.69136. At
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this iteration, we throw out the lower bisection yielding an iterval of [−1, 6].

Table 3.1 presents a complete sequence of bisections.

3.1.2 Newton’s Method

The theoretical foundation of Newton’s method involves inscribing triangles

inside the function. Mathematically

∆y ≈ ∂f (x)

∂x
∆x

∆x =
∆y

∂f (x)

∂x

xt+1 = xt −
f (x)
∂f (x)

∂x

(3.7)

This Newton steop is depicted graphically in Figure 3.4. Table 3.2 presents

the steps for the Newton search algorithm for the derivative of the rational

function presented in Equation 3.6.

3.2 Finding the Multivariate Maximum

The basic difference between univariate and multivariate optimization is

the number of equations which we want to solve simultaneously for zero.

In the multivariate case we want to solve

∇xf (x) = 0 (3.8)

where x is an n element vector, so we want to solve for n equations equal

to zero. Appealing again to the second order Taylor series expansion

∇xf (x) = ∇xf (x∗) +∇2
xxf (x∗) (x− x∗) = 0

⇒ (x− x∗) =
(
∇2
xxf (x∗)

)−1∇xf (x)
(3.9)

In this case, we take a linear approximation of the gradient function (i.e., the

n×1 vector of derivatives ∇xf (x)). This approximation following the first-

order Taylor approximation is a function of the original gradient function

at the point of approximation (∇xf (x∗) and the derivative (matrix) of

the gradient (i.e., the hessian matrix of the objective function ∇2
xxf (x∗)).
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f’(x)

xx*

f’(x )*

Fig. 3.4 Newton Step

Search Point Function Value Derivative Step

-8.0000 -130.5000 135.5000 0.9631

-7.0369 -56.7315 41.6668 1.3616

-5.6754 -23.9799 13.4022 1.7893

-3.8861 -9.4998 4.7432 2.0028

-1.8833 -3.2269 2.0272 1.5919

-0.2914 -0.7503 1.1846 0.6334

0.3419 -0.0675 0.9800 0.0689

0.4108 -0.0007 0.9607 0.0007

0.4115 0.0000 0.9605 0.0000

Substituting xt+1 for x and xt for x∗ we are left with an estimate of the

value of x for the next iteration such that the value of the derivative is

equal to zero

xt+1 = xt −
(
∇2
xxf (xt)

)−1∇xf (xt) (3.10)
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3.2.1 A Simple Example

As a first problem, consider a Cobb-Douglas utility function with a budget

constraint imposed

max
x

x0.2
1 x0.3

2 x0.4
3 x0.1

4

s.t. x1 + 2x2 + 3x3 + x4 = 100
(3.11)

By substituting the constraint for Equation 3.11 into its objective function

the unconstrained maximization problem becomes

max
x

(100− 2x2 − 3x3 − x4)
0.2
x0.3

2 x0.4
3 x0.1

4 (3.12)

Starting with the point x
(

1 1 1
)

(note that we now only have three

variables because the value of x1 is determined by the constraint x1 =

100− 2x2 − 3x3 − x4)

∇xf (x) =
(

0.7337 0.9766 0.2428
)

∇2
xxf (x)

−0.5275 0.2885 0.0717

0.2885 −0.6085 0.0954

0.0717 0.0954 −0.2244


xt+1 =

(
1 1 1

)
−∇xf (xt)

(
∇2
xxf (xt)

)−1
=
(

5.3559 5.3479 5.3226
)

(3.13)

Need to follow through with the numbers (i.e., the point that the new

solution is better than the old solution and that iteratively applying the

procedure will converge to an optimum)

3.2.2 Protype Algorithm

The idea that the rules defined by the Newton-Raphson approach above

applied multiple times yields a value the xt vector which is arbitrarily close

to the optimal point defines an Algorithm. More specifically, an algorithm is

a set of rules that can be mechanically applied to yield an approximation of

the optimal value of the function (either maximum or minimum). Following

the example of [Gill et al. (1981)] we will define a prototype algorithm for

solving the unconstrained optimization algorithm [U] based on the Newton

Raphson process. In this defintion we assume that we start with a currint

estimate of x∗ (xt) and attempt to find a point that minimizes the objective

function f (x)
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U1 Test for convergence If the current point (xt) satisfies the condition

for convergence the algorithm terminates with xt. In the case of the

unconstrined problem or convergence condition is |∇xf (xt)| = 0.

If xt satisfies this condition f (xt) is a local minimum.

U2 Compute a search direction If the current point is not optimum then

what direct do we want to move to attempt to find an optimum.

In an univariate application the search direction is either to the

right (a higher value of x) or to the left (a lower value of x) on

the number line. In the multivariate case we can proceed in an

infinite number of directions (i.e., in the two variable case an infinite

number of x1/x2). The direction of the search is a n×1 projection

vector pt which defines the direction of the search. In the Newton-

Raphson approach ∇xf (xt)
(
∇2
xxf (xt)

)−1
defines the direction of

the search.

U3 Compute a step length Given that we know the direction of the

search the next step is to compute how far to step at. In Equation

3.13 our implicit step length was 1. However, if the function is

concave so that the deriviative is decreasing at a decreasing rate

we know that the zero implies a larger step than the linear ap-

proximation. The question is how much farther could we go? An

appropriately selected step length reduces the number of iterations

required for minimization. However, a step length that is too large

could potentially increase the number of iterations required. At

this stage, it is sufficient to state that the step length is choosen to

reduce the value of the objective function f (xt + atpt) < f (xt) .

U4 Update the estimate of the minimum Set xt+1 = xt + atpt and go

back to step U1

Given the steps to the prototype algorithm, I want to develop a sample

problem that we can compare the various algorithms against. Notebook

Algorithm3.ma includes the numeric problem from Equation 3.11. The

desktop CPU solves this sequence (not optimally specified in Mathematica)

in 8 iterations taking 0.374 CPU seconds.

3.3 Quasi-Newton Methods for Optimization

The Newton-Raphson methodology can be used in U2 in the prototype

algorithm. Specifically, the search direction can be determined by
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pt = −
(
∇2
xxf (xt)

)−1∇xf (xt) (3.14)

Quasi-Newton algorithms involve an approximation to the Hesian matrix.

Replacing the Hessian may be advantageous because the true Hessian is

analytically or numerically complex.

3.3.1 Steepest Descent

For example, we could replace the Hessian matrix in Equation 3.14 with the

negative of the identity matrix (i.e., a constant negative definite matrix)

and the applying the process will yield a new xt+1 that is closer to the

optimum than our beginning estimate. In this case the search direction

would be

pt = − (−I (n))∇xf (xt) (3.15)

where I (n) is the identity matrix conformable with the gradient vector.

This replacement is referred to as the steepest descent method. In our sam-

ple problem, this methodology requires 990 iterations and 0.141 seconds.

This result highlights some interesting features regarding the Quasi-Newton

methods. The steepest descent method requires more overall iterations. In

this example, the steepest descent method requires 99 times as many iter-

ations as the Newton-Raphson method. However, the time spent on each

iteration is reduced. Again, in the current comparison each the steepest

descent method requires .123 seconds per iteration while Newton-Raphson

requires .030 seconds per iteration. This section needs updating with

the new computers.

Obviously substituting the identity matrix uses no real information from

the Hessian matrix. An alternative to this drastic reduction would be to

systematically derive a matrix Hk which uses curvature information akin

to the Hessian matrix. The projection could then be derived as

pt = −H−1
k ∇xf (xt) (3.16)

3.3.2 Conjugate Gradient Methods

One class of Quasi-Newton methods are the conjugate gradient methods

which ”build” up information on the Hessian matrix. From our standard

starting point, we take a Taylor series expansion around the point xt + st
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∇xf (xt + st) = ∇xf (xt) +∇2
xxf (xt) st (3.17)

for some st ∈ N (xt, δ). Solving this expression for the term involving the

Hessian yields

∇xf (xt + st)−∇xf (xt) = ∇2
xxf (xt) st

s′t (∇xxf (xt + st)−∇xf (xt)) = s′t∇2
xxf (xt) st.

(3.18)

Thus, the change in the gradient contains the same curvature information

as the original Hessian.

Defining the change in the gradient as yt for simplication

yt = ∇xf (xt + st)−∇xf (xt)⇒ yt = ∇2
xxf (xt) st. (3.19)

So we want to approximate the information in the Hessian using the some

matrix Bt+1

yt = Bt+1st. (3.20)

One way to generate Bt+1 is to start with the current Bt and add new

information on the current solution (or to conjugate information based on

our previous information and new information in the change of the gradient)

Bt+1 = Bt + uv′

yt = (Bt + uv′) st
(3.21)

where u and v are n×1 vectors. Carrying throught the vector multiplication

u (v′st) = yt −Btst (3.22)

where v′st is a scalar. Solving for u given v and information from the last

iteration

u =
1

v′st
(yt −Btst) (3.23)

Substituting the result for u in Equation 3.23 into the expression for Bt+1

in Equation 3.21 the update is based only on the value of v. In other

words, by designing v we could update the conjugate value of the Hessian.

Given this derivation, a logical choice of v would be yt + Btst. THis

approximation yields an updated Hessian of
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Bt+1 = Bt +
1

(yt −Btst)′ st
(yt −Btst) (yt −Btst)′ (3.24)

This needs a little more development. It is a rank-one update

what is wrong with that? Also an example walk through may

be a good idea This update results in a symmetric approximation to

the Hessian. In general, any approximation to the Hessian can be made

symmetric by

B(2) =
1

2

(
B(1) +B(1)′

)
(3.25)

Substituting such an expression into the general updating procedure results

in

Bt+1 = Bt +
1

v′st

(
(yt −Btst) v′ + v (yt −Btst)′

)
− (yt −Btst)′ st

(v′st)
2 vv′.

(3.26)

The advantage of this formulation is that the approximation of the Hessian

matrix will be symmetric for any vector v.

Two prominent conjugate gradient methods are the Davidon-Fletcher-

Powell (DFP) update and the Broyden-Fletcher-Goldfarb-Shanno (BFGS)

update. In the DFP update v is set equal to yt yielding

Bt+1 = Bt −
1

s′tBtst
Btsts

′
tBt +

1

y′tst
yty
′
t + (s′tBtst)wtw

′
t

wt =
1

ytst
yt −

1

s′tBtst
Btst.

(3.27)

The BFGS update is then

Bt+1 = Bt −
1

s′tBtst
Btsts

′
tBt +

1

y′tst
yty
′
t. (3.28)

3.3.3 A Numerical Example

Using the previously specified problem and starting with an identity matrix

as the original Hessian matrix, each algorithm was used to maximize the

utility function. Each of the procedures will have the same first iteration
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because they have the same original Hessian matrix and analytical gradient.

The initial gradient for all the Quasi-Newton procedures was

Bt =

−1 0 0

0 −1 0

0 0 −1

 (3.29)

compared with an analytical gradient of

B∗t =

−0.5275 0.2885 0.0718

0.2885 −0.6085 0.0954

0.0718 0.0954 −0.2244

 . (3.30)

This substitution implies a step of

st =
(

0.7337 0.9766 0.2428
)

(3.31)

compared with an optimal step of

s∗t
(

4.3559 4.3476 4.3226
)

(3.32)

In discussing the difference in step, I will focus on two attributes. The

first attribute is the relative length of the step (the 2-norm). If the con-

jugate gradient routines can be made identical with Newton-Raphson with

the appropriate step length algorithm, we could then focus on designing

step lengths. The second attribute is the direction of the step. As we

discussed above one of gains to Newton-Raphson is the refinement of the

search direction through the information in the Hessian. The value of this

refinement can be seen in the relative gain of the Newton-Raphson over

the steepest descent method. Dividing each vector by its 2-norm yields the

results depicted in Table 3.3.

3.3.3.1 Rank One Approximation

• Iteration 1

Bt =

−0.6690 0.3842 0.1536

0.3842 −0.55400.1783

0.1536 0.1783 −0.2280

 (3.33)

B∗t =

−0.2780 0.1276 0.0511

0.1276 −0.2501 0.059

0.0511 0.0592 −0.2280

 (3.34)
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• Iteration 2

Bt+1 =

−0.6315 0.4256 0.1776

0.4256 −0.5083 0.2048

0.0106 0.0113 −0.0846

 (3.35)

B∗t+1 =

−0.0628 0.0171 0.0106

0.0171 −0.0612 0.0113

0.0106 0.0113 −0.0846

 (3.36)

3.3.3.2 Powell Symetric Broyden Update

• Iteration 1

Bt =

−0.6703 0.3860 0.1504

0.3860 −0.5565 0.1827

0.1504 0.1827 −0.9365

 (3.37)

• Iteration 2

Bt+1 =

−0.6328 0.4274 0.1745

0.4274 −0.5109 0.2096

0.1745 0.2096 −0.9223

 (3.38)

B∗t+1 =

−0.0629 0.0171 0.0106

0.0171 −0.0612 0.0114

0.0106 0.0114 −0.0850

 (3.39)

3.3.3.3 Davidon-Fletcher-Powell Update

• Iteration 1

Bt =

−0.7187 0.4517 0.0326

0.4517 −0.6455 0.3424

0.0326 0.3424 −1.2232

 (3.40)

• Iteration 2

Bt+1 =

−0.6788 0.4945 0.0589

0.4945 −0.6021 0.3766

0.0589 0.3766 −0.0971

 (3.41)

B∗t+1 =

−0.0653 0.0177 0.0119

0.0177 −0.0602 0.0124

0.0119 0.0124 −0.0971

 (3.42)
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3.3.3.4 Broyden-Fletcher-Goldfarb-Shanno Update

• Iteration 1

Bt =

−0.6771 0.3952 0.1338

0.3952 −0.5690 0.2051

0.1338 0.2051 −0.9768

 (3.43)

• Iteration 2

Bt+1 =

−0.6391 0.4369 0.1585

0.4369 −0.5238 0.2333

0.1585 0.2333 −0.9644

 (3.44)

B∗t+1 =

−0.0634 0.0172 0.0109

0.0172 −0.0610 0.0115

0.0109 0.0115 −0.0871

 (3.45)

3.4 Linear Equality and Inequality Constraints

3.4.1 Linear Equality Constraints

The general optimization problem for the linear equality constraints (LEP)

can be stated as

min
x
f (x)

s.t. Ax = b
(3.46)

Like the unconstrained problem, we are again looking for the point where

the projected gradient vanishes. However, this time instead of searching

over dimension n, we only have to search over dimension n − t where t

is the number of nonredundant equations in A. In the vernacular of the

problem, we want to decompose the vector x into a range-specific portion

which is required to solve the constraints and a null-space portion which

can be varied. Specifically,

x = Y xY + ZxZ (3.47)

where Y xY denotes the range-specific portion of x and ZxZ denotes the

null-space portion of x. By the definition of the null-space, we know that
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AY x∗Y = b (3.48)

if x∗ is feasible, since AZ = 0.

The numerical example given in the text uses a single constraint

x1 + x2 + x3 = 3 (3.49)

There are several ways to derive the null-space of a matrix. The null-space

matrix is

Z =


−
√

3
3 −

√
3

3

3 +
√

3
6 −3−

√
3

6

−3−
√

3
6

3 +
√

3
6

 (3.50)

(gauss) a = 1 1 1 ;

(gauss) null(a);

-0.57735027 -0.57735027

0.78867513 -0.21132487

-0.21132487 0.78867513

Thus, the solution of the constraint can be expressed as

x∗ =

 1

1

1

+


−
√

3
3 −

√
3

3

3 +
√

3
6 −3−

√
3

6

−3−
√

3
6

3 +
√

3
6

x∗z (3.51)

where x∗z is a 2× 1 vector. Hence, this maps a change in 2× 1 space into a

change in 3× 1 space maintaining feasibility.

The step for the model algorithm must be selected so that

Apt = 0 (3.52)

Therefore pt must be a linear combination of the columns in Z

Apt = 0⇔ pt = Zpz (3.53)

In this case a n× 1 vector pz is mapped into pt by the null-space matrix Z.
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3.4.1.1 Algorithm LE

Model algorithm for solving LEP

LE1 Test for Convergence Like the UP algorithm the first step is to

test whether the current solution is optimal. Again, we rely on the

conditions developed in Chapter 2. Specifically, if |∇xf (xt)Z| = 0

the projected gradient is equal to zero and xt is optimum.

LE2 Compute a feasible search direction Compute a nonzero vector pz,

the unrestricted direction of the search. The actual direction of the

search is then

pt = Zpz. (3.54)

LE3 Compute a step length Compute a positive at for which

f (xt + atpt) < f (xt).

LE4 Update the estimate of the minimum xt+1 = xt = atpt and go back

to LE1

3.4.1.2 Computation of the Search Direction

As is often the case in this course, the question of the search direction starts

with the second order Taylor series expansion. As in the unconstrained case,

we derive the approximation of the objective function around some point

xt as

f (xt + pt) = f (xt) +∇xf (xt) pt +
1

2
p′t∇2

xxpt + · · · (3.55)

Substituting only feasible steps for all possible steps, we derive the same

expression in terms of the null-space

f (xt + Zpz) = f (xt) +∇xf (xt)Zpz +
1

2
p′zZ

′∇2
xxf (xt)Zpz + · · · (3.56)

Solving for the projection based on the Newton-Raphson concept, we de-

rive much the same steps as the constrained optimization problem. The

direction for the Steepest Descent algorithm becomes

pt = −ZZ ′∇xf (xt) (3.57)

For the Newton Raphson update the search direction becomes

pt = −
(
Z ′∇2

xxf (xt)Z
)−1

Z ′∇xf (xt) (3.58)
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3.4.2 Linear Inequality Constraints

The general optimization problem with linear inequality [LIP] constraints

can be written as

min
x
f (x)

s.t. Ax ≥ b
(3.59)

This problem differs from the linearly constrained problem by the fact that

some of the constraints may not be active at a given iteration, or may

become active at the next iteration.

3.4.2.1 Algorithm LI

LI1 Test for convergence If the conditions for convergence are met at xt,

terminate. Again the termination condition is that the projected

gradient (given the active constraints) has a norm of zero.

LI2 Choose which logic to perform Decide whether to continue mini-

mizing in the current subspace or whether to delete a constraint

from the working set. If a constraint is to be deleted go to step

LI6. If the same working set is to be retained, go on to step LI3.

LI3 Compute a feasible search direction Compute a vector pt by apply-

ing the null-space equality

pt = Ztpz (3.60)

LI4 Compute a step length Compute α in this case we must determine

if the optimum step length will violate a constraint. Specifically

α is equal to the traditional αt or min (γi) which is defined as the

minimum distance to a constraint. If the optimum step is less

than the minimum distance to another constraint, then go to LI7,

otherwise go to LI5.

LI5 Add a constraint to the working set If the optimum step is greater

than the minimum distance to another constraint, then you have

to add, or make active, the constraint associated with γi. After

adding this constraint, go to L17.

LI6 Delete a constraint If the marginal value of one of the Lagrange

multipliers is negative, then the associated constraint is binding

the objective function suboptimally and the constraint should be

eliminated. Delete the constraint from the active set and return to

LI1.
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LI7 Update the estimate of the solution xt+1 = xt + αtpt and go back

to LI1.

A significant portion of the discussion in the LIP algorithm centered

around the addition or elimination of an active constraint. The concept

is identical to the minimum ratio rule in linear programming. Specifically,

the minimum ratio rule in linear programming identifies the equation (row)

which must leave solution in order to maintain feasibility. The rule is to

select that row with the minimum positive ratio of the current right hand

side to the aij coefficient in the matrix. In the nonlinear problem, we define

γi =

{
bi − a′ix
a′ip

aip < 0

}
(3.61)

3.5 Algorithms for Nonlinear Constraints

The general objective is to maximize or minimize a nonlinear objective

function subject to nonlinear constraints. [Gill et al. (1981)] lay out the

basic problems

min
x
f (x)

s.t. ci (x) = 0 i = 1, · · · , t
and

min
x
f (x)

s.t. ci (x) ≥ 0 i = 1, · · · , t
(3.62)

These optimization problems are much more difficult than the equality or

inequality constraints posed in the preceding sections due to the difficulties

involved in maintaining feasiblity. By the formulation of the null-space

in the linear equality scenario, it was always possible to guarantee that

xt+1 was feasible given that xt was feasible. Similarly, expansion to linear

inequality constraints only added caveats to the step length algorithm and

checks on whether a constraint could be deleted. However, the solution

of nonlinear constraints may be difficult, if not impossible, without the

incorporation of a nonlinear objective function. I want to discuss three

different methodologies for optimization under nonlinear constraints. The

first two are the use of penalty and barrier functions. The third procedure

is the projected augmented Lagrangian method.

3.5.1 Penalty Functions

The penalty and barrier function procedures are very similar. The primary

concept of both procedures is to append an additional term onto the ob-
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jective function which imposes a cost for violating the constraint. Taking

the Penalty function first, assume that we want to optimize

min
x
x2

s.t. x− 1 = 0
(3.63)

Granted that the constraint is linear, and could be solved using a pro-

jected quasi-Newton algorithm, a quadratic penalty function for this prob-

lem could be specified as

PQ (x, ρ) = x2 +
ρ

2
(x− 1)

2
(3.64)

where the ρ term yields a penalty for violating the constraint. Solving this

problem while increasing the penalty parameter yields an optimal solution

with the constraint imposed.

3.5.1.1 Algorithm DP (Model algorithm with a differentiable

penalty function)

DP1 Check termination conditions. If xt satisfies the optimality condi-

tions, terminate with the current solution.

DP2 Minimize the penalty function. Using xt as the starting point,

execute an algorithm to solve the unconstrained subproblem

min
x
P! (x, pt) (3.65)

subject to safeguard conditions to protect against unboundedness.

Let xt+ 1 be the estimate of this subproblem.

DP3 Increase the penalty parameter. Set t+ 1 to a larger value than k.

and go back to step DP1.

3.5.2 Barrier Function

The barrier function works well when the constraint can be evaluated either

above or below its constrained value. Specifically, if the nonlinear constraint

is an equality, then a sufficient penalty parameter can be derived to force

that the constraint be close to the right hand side. However, in certain

cases, you may want to guarantee feasibility as a minimum condition. For

this type of problem the barrier method may be preferred. Focusing on

the logarithmic barrier function, we create a subproblem similar to that

generated in the penalty parameter framework. Specifically
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B (x, r) = f (x)− r
m∑
i=1

ln (ci (x)) (3.66)

where r is the barrier parameter and the ln ( ) term in the maximization

problem guarantees that the ci (x) will be greater than zero.

3.5.3 Projected Augmented Lagrangian

Minos 5.1 uses the projected augmented Lagrangian algorithm to optimize

problems involving nonlinear constraints. This algorithm as instituted in

Minos solves a sequence of subproblems. Each subproblem, or major iter-

ation, solves a linearly constrained minimization (maximization) problem.

The constraints for this linear subproblem are the linear constraints plus

the linearlized nonlinear constraints. Then like the straightforward penalty

parameter method, the penalty can be increased to approach the nonlinear

constraints with an arbitrary level of precision. Mathematically, the general

problem can be written

min
x
f (x) + c′x+ d′y − λ′ (G (x)−G (xt) +)

1

2
ρ (G (x)−G (xt))

′
(G (x)−G (xt))

s.t G (x) +A1y = b1
A2x+A3y = b2

l ≤
(
x

y

)
≤ u

(3.67)

In this problem, the major iteration involves the linearlization of the con-

straints around the point xt. The first step is to linearlize the nonlinear

constraints around the starting point of the major iteration

G (x) ≈ G (xt) +∇xG (xt) (x− xt)

= G (xt) +∇xG (xt)x−∇xG (xt)xt.

(3.68)

Given this relationship, the linear constraints can then be written as(
∇xG (xt) A1

A2 A3

)(
x

y

)
=

(
b1 +∇xG (xt)xt −G (xt)

b2

)
(3.69)

Ignoring the slackness conditions.
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Chapter 4

Practical Optimization Problems and
Computer Code

4.1 Unconstrained Optimization

4.1.1 Precision Agriculture

4.1.2 Estimation of the Inverse Hyperbolic Sine Transfor-

mation

Most courses in statistical inference present the concept of maximum like-

lihood maximum likelihood. Specifically, given a sample of data points, we

can write the likelihood function of a set of parameters as

L =

n∏
i=1

[
1

σ
√

2π
exp

(
− (xi − µ)

2

2σ2

)]
(4.1)

Taking the natural logarithm of this expression yields

ln (L) =
n∑
i=1

[
−1

2
ln (2π)− 1

2
ln
(
σ2
)
− (xi − µ)

2

2σ2

]
. (4.2)

Taking the derivative with respect to µ yields

∂ ln (L)

∂µ
=

n∑
i=1

xi − µ
σ2 = 0

nµ =

n∑
i=1

xi

µ =
1

n

n∑
i=1

xi

(4.3)

Thus, we derive a maximum likelihood estimate of the mean. In this case

the maximum likelihood is ”closed form”.

59
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Another potential likelihood function involves the inverse hyperbolic

sine transformation to normality. This distribution allows variables to be

both skewed and kurtotic. [Ramirez et al. (1994)] Ramirez O.A. Moss, C.

B. Boggess, W. G. estimated corn, soybean and wheat yields over time

using this transformation. The log-likelihood function for this distribution

with a linear time trend can be written as

ln (L∗) = −n
2

ln
(
σ2
)
− 1

2

n∑
i=1

(zi − µ)
2

σ2 − 1

2

n∑
i=1

(
1 + z2

t θ
2
)

vi = yi − α0 − α1i

zi =

ln

[
viθ +

√
1 + v2

i θ
2

]
θ

(4.4)

The parameters to be estimated, or maximized with respect to are α0, α1,θ

,µ , and σ. Guess what, there exist no closed form solution to those first

order conditions.

Several numerical solvers are available for this problem, but I want to

outline the solution in GaussTM Aptech. Gauss’s optimization routine (for

Gauss 3.x) is a subroutine called optmum. To use optmum you must

• Load the optmum library

• Create a subroutine which uses the parameters to be estimated to

calculate the value of the objective function (log-likelihood func-

tion).

– You may also want to specify the objective function gradients

and the Hessian matrix.

– Note that optmum minimizes the specified objective function.

Therefore, you want to specify negative of the likelihood func-

tion.

• Initialize the algorithm

– Initialize by specifying the starting values of the choice vari-

ables.

– Initialize by choosing the an optimization algorithm.

• Call the optimization function.

Example 4.1. Instead of focusing on the more complex example, I want

to discuss the estimation of the mean and variance.
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library optmum;

#include optmum.ext;

opset;

load x[20,1]=indta.dta;

proc ml(b);

local err;

err=x-b[1];

retp( rows(err)*ln(b[2])+sumc((x-b[1]).^2 ./ b[2]) );

endp;

b0={10,1.5};

{fhat,bhat,ghat,retcode}=optprt(optmum(&ml,b0));

Some notes: First note b is a gauss vector with b[1] containing the

value of the mean and b[2] containing the value of the variance. Second,

note that the default algorithm is BFGS with numerical gradients. Third,

note that estimating the variance instead of the standard deviation raises

some potential problems. Why?
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Chapter 5

Review of Dynamic Mathematics

5.1 Introduction to Dynamic Optimality

To introduce the problem of dynamic optimization, I would like to start

with a discrete time problem. Specifically, we will use the example from

Howitt ”Some Microeconomics of Agricultural Resource Use.” The basic

problem is that yt, the firm’s output at time t, is a function of variable

inputs, xt, and the level of capital stock, kt. Further, capital stock can

be augmented by investment, It. The firm’s overall problem can then be

written as

max
x,k,I

T−1∑
t=0

βtπ (xt, It, kt) + βTπ (xT , kT )

kt+1 − kt = δkt + It

k0 = k̄

(5.1)

Within this formulation, the first equation embodies the objective function,

the second equation is referred to as the equation of motion depicting how

the capital changes over time, and the third equation is the initial condition

on capital.

Rewriting this equation in Lagrangian form yields

L =

T−1∑
t=0

[βtπ (xt, It, kt)− λt+1 (kt+1 − kt − δkt − It)]+βTπ (xT , kT ) (5.2)

This form of the problem yields three types of conditions. The first type of

conditions are with respect to the control variables. This problem has two

control variables, xt and It which the decision maker can directly control.

63
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Specifically, the capital variable, kt, is a state variable which can only be

controlled through investment, It. The first of the control variables, xt, has

no long term effect. Thus, setting the level of xt relies on similar rules as a

static optimization problem

∂L

∂xt
= βt

∂π (.)

∂xt
= 0

∂π (.)

xt
= 0

(5.3)

However, the derivative with respect to the investment variable, It,

yields conditions dependent on λt+1. λt+1 is the Lagrange multiplier on

the equation of motion. As such, it depicts the marginal value of a change

in the capital stock. In the jargon of dynamic optimization, this variable

is referred to as the costate or adjoint variable. The second condition with

respect to It is then

∂L

∂It
= βt

∂π (.)

∂It
+ λt+1 = 0 (5.4)

Thus, the decision regarding the optimal level of investment must be made

considering the future value of the capital stock.

The second condition is the partial with respect to λt+1, which guaran-

tees that the equation of motion is satisfied. Mathematically

∂L

∂kt
= βt

∂π (.)

∂kt
− λt + (1− δ)λt+1 = 0 (5.5)

Note that kt appears in two equations of motion, one at time t and one

at time t + 1. Taking the derivative of the sum then yields two costate

variables in the state equation. This equation can be rewritten as

λt+1 − λt = −βt
∂π (.)

∂kt
− λt+1δ (5.6)

Note that this equation can be written as a difference equation

∆λt+1 = −βt
∂π (.)

∂kt
− λt+1δ (5.7)

Thus, the solution of this equation depicts how the costate variable, or the

value of the capital constraint, changes over time.
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Taking some liberty with the mathematics, and letting ∆t approach

zero. The above equation becomes

λ′ (t) = −β (t)
∂π (x (t) , I (t) , k (t))

∂k (t)
− λ (t) δ = 0 (5.8)

Which is the continuous representation of the dynamic optimization prob-

lem.

This discussion then leads to two different types of dynamic mathemat-

ical problems. The first problem, given that time is specified in discrete

increments is referred to as a difference equation. The second, given that

time is continuous is referred to as a differential equation. In this book, we

will emphasize the continuous time formulation.

Finally, the discrete formulation above can be used to demonstrate Pon-

tryagin’s optimality conditions. Specifically, the objective function at each

increment in time can be written as a function called the Hamiltonian

Hamiltonian

Ht (xt, It, kt, λt) = βtπ (xt, It, kt)− λt+1 (−δkt − It) (5.9)

Remembering that the full equation of motion term in the original objective

function was

λt+1 (kt+1 − kt − δkt − It) (5.10)

The optimal control problem can be rewritten as

L =

T−1∑
t=0

{]Ht (xt, It, kt, λt)− λt+1 (kt+1 − kt)} + βTπ (XT , kT ) (5.11)

This formulation yields the three classic Pontryagin conditions Pontryagin

conditions.

(1) The Optimality/Hamiltonian Conditions

∂H

∂ut
= 0⇒


∂L

∂xt
= βt

∂π (.)

∂xt
= 0

∂L
∂It

= βt
∂π (.)
∂It

+ λt+1 = 0

(5.12)
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(2) The Adjoint/Costate Conditions

∂H

∂λt+1
= g (st, ut) = st+1 = st+1 − st ⇒ −δkt − It = kt+1 − kt (5.13)

(3) The Equation of Motion Constraint

∂H

∂st
= λt+1 − λt ⇒ βt

∂π (.)

∂kt
− λt+1δ = λt+1 − λt (5.14)

5.2 Review of Ordinary Differential Equation

Thus, from the discussion of the optimal control framework above, we see

that dynamic optimization in continuous time involves solving differential

equations. We start by focusing on the mathematics of ordinary differential

equations [Tu]

Definition 5.1. Ordinary differential equations (ODE) ordinary differen-

tial equation are equations involving total derivatives

φ

(
x,
dx

dt
,
d2x

dt2
, · · · d

nx

dtn
, t

)
= 0 (5.15)

Definition 5.2. The order of an ODE is given by the highest order deriva-

tive in the equation. The degree of an ODE is given by the highest exponent

of any derivative.

Example 5.1. the equation

ẍ+ aẋ3 + bx+ c = 0 (5.16)

is a second order ODE of degree 3 where

ẍ =
d2x

dt
and ẋ =

dx

dt
. (5.17)

An ODE is said to be linear if it is of the first degree in the dependent

variable and its derivatives

a0 (t)
dnx

dtn
+ a1 (t)

dn−1x

dtn−1 + · · · an−1 (t)
dx

dt
+ an (t) = 0. (5.18)
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An ODE containing terms of a higher degree (than the first) is called a

nonlinear ODE

ẍ+ aẋ+ bx2 = 0 (5.19)

The solution of an ODE is defined as any relationship between variables

not involving the derivatives which satisfies the ODE. The solution is also

called the integral curve.

Theorem 5.1. Let x′ (t) = f (x, t) be continuous with continuous deriva-

tives ∂f/∂x for x in the domain D and t in the interval I (i.e., x ∈ D and

t ∈ I) there exists a solution x∗ (t) defined uniquely in some neighborhood

of (x0, t0) satisfying the initial conditions x∗ (t0) = x0.

5.2.1 First Order Linear Differential Equation

First order linear differential equations are equations of the form

a0 (t) ẋ+ a1 (t)x = G (t) (5.20)

The first order linear differential equation can be written as

ẋ+ a (t)x = g (t) (5.21)

Given that a0 (t) is not equal to zero. The first solution to be derived is

the Homogeneous case where g (t) is set equal to zero

ẋ+ ax = 0 given x (0) = x0 (5.22)

To solve this problem, we rewrite the original problem as

dx

dt
= −ax

dx

x
= −adt∫

dx

x
= −

∫
adt

ln (x) = −at+ c

x (t) = Ae−at

(5.23)
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The second scenario in the first order linear differential equation is the

non-homogeneous case. Under this scenario, the right hand side of the

differential equation is not zero

ẋ+ ax = b, x (0) = x0 (5.24)

The procedure in [Tu] involves substituting y = x− b/a for x which yields

a homogeneous equation

y = x− b

a
⇒ dy = dx (5.25)

Thus the differential equation can be written as

ẏ + a

(
y +

b

a

)
= b

ẏ + ay = 0

y (t) = y0e
−at

x (t) =

(
x0 −

b

a

)
eat +

b

a

(5.26)

This representation points to the division of the solution into two compo-

nents. The first component is called the complementary function, which is

the solution to the homogeneous part of the of the problem,xc (t) = Ae−at.

The other part is the particular integral which is called the ”equilibrium”

portion of the solution, xp (t) = b/a. The complete solution is then the sum

of those two parts x (t) = xc (t) + xp (t).

To develop a fairly general form of the linear problem, let us start by

assuming that

ẋ+ ax = g (t) . (5.27)

Given that a 6= 0, this equation actually amounts to finding some function

G (t) such that

dx

dt
+ ax =

d

dt
(G (t)) (5.28)

Starting from the solution of the differential equation with constant coeffi-

cients, we have x = c exp [−at]. Reversing this expectation, c = y exp [at].

Hence
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d

dt

(
xeat

)
= 0

eat (ẋ+ ax) = 0
(5.29)

Thus

ẋ+ ax = g (t)

eat (ẋ+ ax) = eatg (t)

d
(
eatx

)
= eatg (t)

eatx =

∫
t

easg (s) ds

x = e−at
∫
t

easg (s) ds

(5.30)

Example 5.2.

ẋ+ 3x = t+ e−2t

d
(
xe3t

)
= te3t + et

x = e−3t

∫
t

(
se3s + es

)
ds+ ce−3t

(5.31)

Integrating the first term by parts∫
udv = uv −

∫
vdu

dv = e3s ⇒ v =
1

3
e3s

u = s⇒ du = ds∫
se3sds =

t

3
e3t −

∫
1

3
e3sds

=
t

3
e3t − 1

9
e3t

(5.32)

The solution then becomes

x =
t

3
− 1

9
+ e−2t + ce−3t (5.33)

Following the same logic for

ẋ+ p (t)x = g (t) (5.34)
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we want to choose a function µ (t) such that

µ (t) (ẋ+ p (t)x) = (µ (t)x)
′

= µ′ (t)x+ µ (t) ẋ

(5.35)

which imples that

d (µ (t)) = µ (t) g (t)

µ (t)x =

∫
t

µ (s) g (s) ds

x =
1

µ (t)

∫
t

µ (s) g (s) ds

(5.36)

The choice of µ (t) is then determined by

µ (t) (ẋ+ p (t)x) = µ′ (t)x+ µ (t) ẋ

µ (t) p (t) = µ′ (t)

p (t) =
µ′ (t)

µ (t)∫
t

p (s) ds = ln (µ (t))

µ (t) = exp

(∫
t

p (s) ds

)
(5.37)

5.2.2 Nonlinear Differential Equations

In fairly general terms, we can assert that a first-order linear differential

equation has a unique solution. This assertion follows our solution of the

ẋ+ p (t)x = g (t) (5.38)

problem. However, solutions for nonlinear differential equations where

ẋ = x
1
3 x (0) = 0 (5.39)

raises some additional difficulties.

Two procedures for solving nonlinear differential equations (1) separable

differential equations and (2) exact differential equations. Starting with a
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discussion of separable differential equations separable differential equation,

the general expression of a differential equation

dx

dt
= f (t, x) (5.40)

an alternative way to express this relationship is

M (t, x) +N (t, x)
dx

dt
= 0. (5.41)

One subgroup of this class of differential equations is referred to as separable

differential equations where

M (t) +N (x)
dx

dt
= 0 (5.42)

so that each term only involves t or x respectively. Solving this system then

involves integrating each section separately

M (t) = −N (x)
dx

dt
M (t) dt = N (x) dx∫
M (t) dt =

∫
N (x) dx

(5.43)

Example 5.3. Consider the rational function

dx

dt
=

3t2 + 4t+ 2

2 (x− 1)
, x (0) = −1 (5.44)

Separating the function

2 (x− 1) dx =
(
3t2 + 4t+ 2

)
dt

2

∫
x

(z − 1) dz =

∫
t

(
3s2 + 4s+ 2

)
ds+ c

2

(
1

2
x2 − x

)
=
(
t3 + 2t2 + 2t

)
+ c

x2 − 2x = t3 + 2t2 + 2t+ c

(5.45)

Given that x (0) = −1

1− 2 (−1) = c⇒ c = 3 (5.46)

Thus, the implicit form of the soultion is

x2 − 2x = t3 + 2t2 + 2t+ 3 (5.47)
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Example 5.4. Next consider

dx

dt
=
t3

x
. (5.48)

Separating the equation

xdx = t2dt∫
x

zdz =

∫
t

s2ds+ c

1

2
x2 =

t3

3
+ c

x2 =
2

3
t3 + c

(5.49)

The exact differential equation exact differential equation technique

starts from a general equation

ψ (t, x) = c (5.50)

taking the total differential of this equation with dc = 0 we get

ψt (t, x) + ψx (t, x) dx = 0 or ψt (t, x) + ψx (t, x)
dx

dt
= 0. (5.51)

Obviously, we see that since

ψt (t, x) + ψx (t, x)
dx

dt
= 0

ψ (t, x) =

∫
t

ψs (s, x) ds or ψ =

∫
x

ψz (t, z) dz
(5.52)

Spotting this symmetry between the terms allows for the solution of these

problems.

Example 5.5. Consider

2tx3 + 3t2x2 dx

t
= 0 (5.53)

which implies that

ψ (t, x) = t2x3 or t2x3 = c⇒ x (t) = t−
2
3 c (5.54)
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In general this form can be spotted by Young’s theorem. Specifically,

d

dt

(
d

dx
ψ (t, x)

)
=

d

dt

(
d

dx
ψ (t, x)

)
(5.55)

In Example 5.5

d

dt
ψ (t, x) = ψt (t, x) 2tx3 and

d

dx
ψt = 6tx2 (5.56)

To confirm the exact nature of the solution

d

dx
ψ (t, x) = ψx (t, x) = 3t2x2 thus

d

dx
ψx (t, x) = 6tx2. (5.57)

5.2.3 Second and Higher Order Linear Differential Equa-

tions

The general nth degree differential equation can be written as

a0 (t)x(n) + a1 (t) (t)x(n−1) + · · · an−1 (t) ẋ+ a0 (t)x = g (t) (5.58)

where x(n) = dnx/dtn. Introducing the general differential operator Di =

di/dti

D2x (t) =
d2x

t2
= ẍ

D1x (t) =
dx

t
= ẋ

D0x (t) = x

(5.59)

The nth degree linear differential equation can be written as

[
a0 (t)Dn + a1 (t)Dn−1 + · · · an−1 (t)D1 + an (t)

]
x (t) = g (t)

L (D)x (t) = g (t)
(5.60)

We start by solving for the complementary solution complementary so-

lution. Following the first-order solution, we would posit that the solu-

tion of an nth order linear differential equation would be some variant of

x (t) = exp (λt). Taking a second order differential equation
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[
D2 + bD + c

]
x = ẍ+ bẋ+ c = 0

D2x = λ2eλt

Dx = λeλt

x = eλt

(5.61)

Substituting these values back into the differential equation yields

eλt
(
λ2 + bλ+ c

)
= 0 (5.62)

Because exp (λ) 6= 0

λ2 + bλ+ c = 0⇒ λ =
−b±

√
b2 − 4c

2
(5.63)

Example 5.6. Starting with constant ai (t)s

ẍ+ 2ẋ− 3x = 0 (5.64)

The characteristic equation for this problem becomes

λ2 + 2λ− 3 = 0

λ =
−b±

√
b2 − 4c

2
=
−2±

√
16

2
= 1,−3

(5.65)

Thus, there are two possible solutions to this problem

x (t) = et ⇒ ẋ = et, ẍ = et

ẍ+ 2ẋ− 3x = et + 2et − 3et = 0

or

x (t) = e−3t ⇒ ẋ = −3e−3t, ẍ = 9e−3t

ẍ+ 2ẋ− 3x = 9e−3t − 6e−3t − 3e−3t = 0

(5.66)

Thus, this problem has two solutions. Among other things, we are

interested in whether these solutions are independent. The independence

of the solutions is determined by the Wronskin
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W (t) =

∣∣∣∣x1 (t) x2 (t)

ẋ1 (t) ẋ2 (t)

∣∣∣∣
=

∣∣∣∣ eλ1t eλ2t

λ1e
λ1t λ2e

λ2t

∣∣∣∣
= e−λ1tλ2e

λ2t − eλ2tλ1e
λ1t

= e(λ1+λ2)t (λ2 − λ1)

= e(λ1+λ2)t

∣∣∣∣ 1 1

λ1 λ2

∣∣∣∣

(5.67)

In the Example 5.6

W (t) ∝
∣∣∣∣ 1 1

1 −3

∣∣∣∣ = −3− 1 = −4 6= 0 (5.68)

so the solutions are independent

x (t) c1e
t + c2e

−3t (5.69)

5.2.4 Method of Undetermined Coefficients

The method of undetermined coefficients is best described as the method

of good guesses. The simplest way to describe this method is by demon-

stration. Assume that you have the differential equation

ẍ+ ẋ− 2x = 2t. (5.70)

A good guess of the particular solution would be

xP (t) = at+ b

ẋP (t) = a

ẍP (t) = 0

⇒ ẍ+ ẋ− 2x = 0 + a− 2 (at+ b) = 2t

−2at+ (a− 2b) = 2t.

(5.71)

This solution implies

−2at = 2t⇒ a = −1

a− 2b = 0⇒ b = −1

2

(5.72)
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Checking the solution

xP (t) = −t− 1

2
ẋP (t) = −1

ẍP (t) = 0

ẍ+ ẋ− 2x = 0 = 1− 2

(
−t− 1

2

)
= 2t

(5.73)

Example 5.7. Consider the differential equation

2ẍ− 4ẋ− 6x = 3e2t. (5.74)

As an initial guess, we assume that the solution will follow xP (t) = Ae2t

implying

ẋP (t) = 2Ae2t

ẍP (t) = 4Ae2t

⇒ 2
(
4A2t

)
− 4

(
2Ae2t

)
− 6

(
Ae2t

)
= 3e2t

⇒ 8A− 8A+ 6A = 3

⇒ A = −1

2

(5.75)

5.2.5 Laplace Transformed

Laplace transformation

5.2.5.1 Defining Laplace Transformations

One tool in the solution of linear differential equations is the concept of an

integral transform. An integral transform is a relationship of the form

F (s) =

∫ β

α

K (s, t) f (t) dt (5.76)

where the function f (t) is transformed into another function F (s) by means

of the integration. The function F is the transform of f with K being

referred to as the kernel of the transformation. The general idea is to

transform f into a simpler problem F which can be more easily solved.

Afterwards, the original solution f can be recovered. The problem is then

to choose an appropriate kernel and bounds of integration.



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 77

Review of Dynamic Mathematics 77

One possibility for the selection of the kernel was proposed by Laplace.

The Laplace transpose uses K (s, t) = exp (−st), yielding

L (f (t)) = F (s) =

∫ ∞
0

e−stdt. (5.77)

This solution is particularly associated with linear differential equations

with constant coefficients. Since the Laplace transformation is defined as

the proper integral from zero to infinity, it is often useful to introduce the

limiting concept

∫ ∞
a

f (t) dt = lim
A→∞

∫ A

a

f (t) dt (5.78)

Example 5.8. Consider

L (1) =

∫ ∞
0

estdt = lim
A→∞

∫ A

0

e−stdt

= lim
A→∞

(
−1

s
e−st

∣∣∣∣A
0

= lim
a→∞

(
−1

s
e−st +

1

s

)
=

1

s

(5.79)

Example 5.9. Consider f (t) = exp (at)

L
(
eat
)

=

∫ ∞
0

e−steatdt =

∫ ∞
0

e−(s−a)tdt

=

(
1

s− a
e−(s−a)t

∣∣∣∣∞
0

=
1

s− 1

(5.80)

In order to use the Laplace transform, we note (without proof) that

L [f ′ (t)] = sL [f (t)]− f (0) (5.81)

Similarly, the Laplace transform of a second order differential equation is

L [f ′ (t)] = s2L [f (t)]− f (0) (5.82)
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Thus, the second order differential equation ÿ − ẏ − 2y = 0 can be written

as

L [y′′]− L [y′]− 2L [y] = 0[
s2L [y]− sy (0)− y′ (0)

]
− [sL [y]− y (0)]− 2L [y] = 0

(5.83)

Given the initial conditions y (0) = 1 and y′ (0) = 0, this expression can be

written as

(
s2 − s− 2

)
Y (s) + (1− s) y (0)− y′ (0) = 0

Y (s) =
s− 1

(s− 2) (s+ 1)

(5.84)

Solving this problem, then involves finding the function whose Laplace

transform can be expressed as Y (s).

The Laplace transform of a general function. Taking the Laplace trans-

form of the differential equation above is the same as taking the Laplace

transform of each individual term by the additive nature of integration.

Thus, to demonstrate the general form of the Laplace transformation, let’s

take the Laplace transform of a general function f ′ (x) or the second term

in the general differential equation, integrating by parts yields

∫ A

0

f ′ (t) e−stdt = f (t) e−st
∣∣A
0

+ s

∫ A

0

f (t) e−stdt

= f (A) e−sA − f (0) e0 + sL [f (t)]

= sL [f (t)]− f (0)

(5.85)

Assuming that f (A) e−sA approaches zero as A approaches infinity.

By extension, the Laplace transform of the second differential is

∫ A

0

f ′′ (t) e−stdt = f ′ (t) e−st
∣∣A
0

+ s

∫ A

0

f ′ (s) estdt

= f ′ (t) e−st
∣∣A
0

+ sf (t) e−st
∣∣A
0

+ s2

∫ A

0

f (t) e−stdt

= −f ′ (0)− sf (0) + s2L [f (t)]

(5.86)

with the second expression in Equation 5.86 by integrating the the last

term in the first expression by parts.

Given the Laplace transform of the differential equation given above, to

solve the differential equation we want to find the function whose Laplace

transform matches the derived Laplace transform. To simplify the deriva-

tion in this case we want to use the method of partial fractions.
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The method of partial fractions involves rewriting the equation

L [y] =
s− 1

(s− 1) (s+ 1)
as L [y] =

A

(s− 2)
+

A

(s+ 1)
(5.87)

Much like the method of undetermined coefficients, this is accomplished by

assuming that A and B exist, in which case the combined denominator can

be written as

L [y] =
As+A+Bs− 2B

(s− 2) (s+ 1)

=
(A+B) s− (A− 2B)

(s− 2) (s+ 1)

(5.88)

Equating this result with the original fraction yields two equations

A+B = 1⇒ A = 1−B
A− 2B = −1⇒ (1−B)− 2B = −1

1− 3B = −1

B =
2

3

A =
1

3

(5.89)

Thus, the original equation can be written as

L [y] =
1/3

s− 2
+

2/3

s+ 1
(5.90)

Given this expression, it is possible to find a function form with the same

Laplace transform. Specifically, the Laplace transform for f (x) = exp (at)

is

∫ ∞
0

eate−stdt =

∫ ∞
0

e−s(s−a)tdt

=
1

s− a

(5.91)

Thus, for the first fraction we see that a = 2 and for the second fraction we

see that a = −1. The solution of the differential equation is then

y (x) =
1

3
e2x +

2

3
e−x (5.92)
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Example 5.10. Starting with y′′ − y′ − 6y = 0, y (0)− 1, and y′ (0) = −1.

The Laplace transformation of this differential equation is

[
s2L [y]− sy (0)− y′ (0)

]
− [sL [y]− y (0)]− 6L [y] = 0[

s2L [y]− s+ 1
]
− [sL [y]− 1]− 6L [y] = 0[

s2 − s− 6
]
L [y] = s− 2

L [y] =
s− 1

(s+ 2) (s− 3)

(5.93)

Again using partial fractions we have

L [y] =
A

(s+ 2)
+

B

(s− 3)

=
As− 3A+Bs+ 2B

(s+ 2) (s− 3)

A+B = 1⇒ A = B − 1

3A+ 2B = −2⇒ 3 (B − 1) + 2B = −2

5B = 1 or B = 1/5 and A = 4/5

(5.94)

Thus, the separated Laplace transform becomes

L [y] =
4/5

s+ 2
+

1/5

s− 3
(5.95)

The solution of the differential equation is then

y (x) =
4

5
e2x +

1

5
e3x (5.96)

5.3 Difference Equations

The discrete time analog of the differential equation is the difference equa-

tion. In general, the difference equation grows out of a discrete time repre-

sentation of some time dependent process

yt+1 + b (t) yt = g (t) (5.97)

Letting b (t) = −1, this expression becomes

yt+1 − yt = g (t)

∆yt = g (t)
(5.98)
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The later form is referred to as a difference equation. Extending this con-

cept,

∆2yt = ∆ (∆yt)

= ∆ (yt + 1− yt)
= yt+2 − 2yt+1 + yt

(5.99)

Given this development, we can draw a rough equivalence between ∆i no-

tation in difference equations and the Di notation in differential equations.

Definition 5.3. Ordinary difference equations are equations involving one

variable xt measured discretely at different times.

Definition 5.4. The solution of a difference equation is all the values of

xt not involving differences that satisfy the initial difference equation.

Like the differential equation, the solution of a difference equation in-

cludes a complementary solution and a particular or equilibrium solution.

5.3.1 First Order Linear Difference Equations

Because of space constraints, we will focus on linear difference equations of

the first and second order. Like differential equations, difference equations

fall into homogeneous and non-homogeneous. A first order linear homoge-

neous difference equation can be written as

xt+1 = axt (5.100)

Starting with a point x (0) = x0, it is possible to infer the solution of this

difference equation

x1 = ax0

x2 = ax1 = a (ax0) = a2x0

x3 = ax2 = a
(
a2x0

)
= a3x0

xt = atx0

(5.101)

A first order linear non-homogeneous difference equation can be written

as

xt + 1 = axt + b (5.102)
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Again by iteration the solution of this difference equation can be shown to

be

at+1 = axt + b

at+2 = a2xt + (1 + a) b

at+3 = a3xt +
(
1 + a+ a2

)
b

at+n = anxt +
(
1 + a+ a2 + · · · an−1

)
b

(5.103)

In general, the term
(
1 + a+ a2 + · · · an−1

)
can be rewritten as 1/ (1− a)

1

1− a
⇒ 1− 1× (1− a) = +a

⇒ a− a× (1− a) = +a2

⇒ a2 − a2 × (1− a) = +a3

...

(5.104)

The sum to the nth degree is then derived as

1− an

1− a
=

1

1− a
− an

1− a
=
(
1 + a+ a2 + · · · an−1 + an + an+1 + · · ·

)
−
(
an + an+1 + · · ·

)
=
(
1 + a+ a2 + · · · an−1

)
(5.105)

The general solution of the non-homogeneous difference equation can then

be written as

xt = atc+
b

1− a
if a 6= 1 where c ≡ x0 −

b

1− a
, or

xt = x0 + bt if a = 1.
(5.106)

Another way that you see these proofs written is with the lag operator, L.

Specifically, the non-homogeneous differential equation can be written as

xt+1 = axt + b

xt+1 = aLxt+1 + b

(1− aL)xt+1 = b

xt+1 =
b

(1− aL)
=

b

(1− a)

(5.107)
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5.3.2 Second Order Linear Difference Equations

Expanding on the first order linear difference equation, the second order

linear difference equation can be written as

axt + bxt−1 + cxt−2 = g (t) (5.108)

The particular solution given that g (t) is equal to some constant d has three

cases. First, if a+ b+ c is not equal to zero, then the particular solution is

the constant k which solves

ak + bk + ck = d

(a+ b+ c) k = d

k =
d

a+ b+ c

(5.109)

Second, if a+ b+ c is equal to zero, try the particular solution that xt = kt

akt+ bk (t− 1) + ck (t− 2) = d

(a+ b+ c) kt− (b+ 2c) k = d

since a+ b+ c = 0

k =
−d
b+ 2c

xP = −
(

d

b+ 2c

)
t

(5.110)

Finally, if a+ b+ c is equal to zero and b+ 2c = 0, then set xt = kt2. This

results in xp = d/ (2c) t2.

The complementary solution is derived in much the same way as the

complementary function for a second-order differential equation. Specif-

ically, we conjecture that the solution xc (t) = Aλt. The second order

difference equation can then be rewritten as

axt + bxt−1 + cxt−2 = 0

aAλt + bAλt−1 + cAλt−2 = 0

Aλt−2
(
aλ2 + bλ+ c

)
= 0

(5.111)

Since Aλt−2 cannot be zero

aλ2 + bλ+ c = 0

λ =
−b±

√
b2 − 4ac

2a

(5.112)
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Just like the solution to the second order differential equation, this so-

lution yields three possibilities. (1) Both roots are real and distinct. In

which case the solution to the difference equation is

xt = A1λ
t
1 +A2λ

t
2. (5.113)

(2) If both roots are real, but identical then

xt = (A1 +A2t)λ
t. (5.114)

(3) If b2 − 4ac is negative, then the solutions are imaginary with the same

style solution as found in the differential equation.
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Chapter 6

Dynamic Optimality

6.1 Overview of Dynamic Optimization

The basic calculus problem is to choose the levels of variable x in a way

that

max
x

F (x) . (6.1)

We are interested in expanding this problem into the time dimension. One

way of incorporating the time dimension is simply

max
x(t)

∫ T

0

F (t, x (t)) dt

s.t. x (t) ≥ 0

. (6.2)

However, this problem is separable in that it can be broken down into sev-

eral separate problems. Remember xt in the discrete optimization problem.

Another specification that is truly dynamic is

max
x(t),u(t)

∫ T

0

F (t, x (t) , u (t)) dt

s.t. x′ (t) = g (t, x (t) , u (t))

. (6.3)

In this approach we are trying to derive the path or a function u (t) that

describes the control process which adjusts x (t) in a way so as to maximize

”profit”. The resulting conditions are

85
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∂H

∂u
= 0⇒ fu + λgu = 0

−∂H
∂x

= λ′ (t)⇒ λ′ (t) = − (fx + λgx)

∂H

∂λ
= x′ (t)⇒ x′ (t) = g (t, x (t) , u (t))

. (6.4)

To arrive at this rule, we will first examine the calculus of variations for-

mulation

max
x(t)

∫ T

0

F (t, x (t) , x′ (t)) dt

s.t. x (t) ≥ 0, x (0) = x0

. (6.5)

6.2 Simplified Example

Suppose a firm has received an order for B units of product to be delivered

by time T . It seeks a production function schedule for filling this order

at the specified delivery data at minimum cost, bearing in mind that unit

production cost rises linearly with the production rate and that the unit

cost of holding inventory per unit time is constant. Let x (t) denote the

inventory accumulated by time t. Then we have x (0) = 0 and must achieve

x (T ) = B. The inventory level, at any moment, is the cummulated past

production; the rate of change of inventory is the production rate dx/dt =

x′ (t). Thus, the firm’s total cost at any moment (t) is

c1x
′ (t)x′ (t) + c2x (t) = c1 [x′ (t)]

2
+ c2x (t) . (6.6)

The cost of producing rises linearly in production (i.e., the rate of change

in the level of inventory) the pc = c1x
′ (t) as depicted in Figure 6.1. Thus,

the total cost of production is pc x′ (t) = c1 [x′ (t)]
2

. The second term in

Equation 6.6 is unit cost of holding inventory.

The firm’s objective is to determine the production plan x’(t) that min-

imizes the total cost to the firm. Thus

min

∫ T

0

[
c1 (x′ (t))

2
+ c2x (t)

]
dt

s.t. x (0) = 0, x (T ) = B, x′ (t) ≥ 0

. (6.7)

One possible plan is to produce at a uniform rate x′ (t) = B/T . Then,
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pc

x’(t)

Fig. 6.1 Linear Cost Function

x (t) =

∫ T

0

(
B

T

)
dt =

BT

T
(6.8)

and the cost incurred will be

∫ T

0

[
c1

(
B

T

)2

+ c2
Bt

T

]
dt = c1

B2

T
+ c2

BT

2
(6.9)

while this plan is feasible, it may not minimize costs.

Assume c2 = 0 so the problem becomes

min

∫ T

0

[x′ (t)] dt

s.t. x (0) = 0, x (T ) = Bx′ (t) ≥ 0

. (6.10)

The solution mechanism presented here is nonstandard. It involves chop-

ping the continuous function into discrete intervals and maximizing. The
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question then arises: Why attempt this nonstandard solution? Why not

just begin with other methods? First, like the case of the discrete model

presented in Chapter 5, the discrete model here has an intuitive appeal.

Second, some more advanced applications of optimal control are based on

a similar decomposition.

Divide the interval [0, T ] into T/k segments of equal length k. Hence,

x (t) can be approximated by a piecwise continuous function at points (0, 0),

(k, y1), (2k, y2), · · · (T,B) as depicted in Figure ??. Hence, x’(t) can be

approximated by

B

T

y
1

y
2

y
3

y
4

y
5

k 2k 3k 4k 5k

Fig. 6.2 Discrete Control Path

∆x

∆t
=

(yi − yi−1)

k
. (6.11)

Thus, the approximating problem is to find yi i = 1, · · · (T/k)− 1 to
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min

T/k∑
i=1

[
(yi − yi=1)

k

]2

(6.12)

(Note that k approximates dt) where y0 = 0 and yT/k. Taking the deriva-

tive with respect to yi yields

∂

∂yi

T/k∑
i=1

[
(yi − yi−1)

k

]2

=
2 (yi − yi=1)

k
− 2 (yi+1 − yi)

k
= 0

yi − yi−1 = yi+1 − yi

. (6.13)

The change in yis are equal for each period. Thus, the inventory grows

linearly throughout the period. The continuous time equivalent is then

found by letting k → 0. The preceding calculation then implies that

x (t) =
B

T
t (6.14)

so that

x′ (t) =
B

t
≥ 0. (6.15)

Here is the tie in bit. The conjecture that the constant path is the least

cost path can be verified in this case by showing that no other feasible path

exists with a lower cost. First note that all feasible paths must obey the

terminal conditions. Hence, let us define z (t) as a continuously differen-

tiable function satisfying z (0) = 0 and z (T ) = B. z (t) is, thus, a feasible

path. Define h (t) = z (t) − x (t). Thus, h (t) is defined as the difference

between the new feasible path and the old feasible path

h (t) = z (t)− Bt

T
. (6.16)

Note that h (0) = h (T ) = 0 for a feasible path. Thus,

z (t) = h (t) +
Bt

T

z′ (t) = h′ (t) +
B

T

. (6.17)

The difference in cost is then



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 90

90 Static and Dynamic Optimization

∫ T

0

{
[z′ (t)]

2 − [x′ (t)]
2
}
dt =

∫ T

0

{ [
B

T
+ h′ (t)

]2

−
[
B

T

]2
}

dt

=

∫ T

0

{ (
B

T

)2

+
2B

T
h′ (t) + [h′ (t)]

2 −
(
B

T

)2
}

dt

=
2B

T

∫ T

0

h′ (t) dt+

∫ T

0

[h′ (t)]
2
dt

=
2B

T
(h (T )− h (0)) +

∫ T

0

[h′ (t)]
2
dt ≥ 0

.

(6.18)

Thus, any other production plan will give a higher cost of production.

6.3 Euler Equation

In general, we are trying to find the properties of the function x (t) that

solves

max

∫ t1

t0

F (t, x (t) , x′ (t)) dt

s.t. x (t0) = x0, x (t1) = x1

. (6.19)

6.3.1 A Mathematical Digression

Several points in the derivation of the calculus of variations have strong

parallels to derivations in basic calculus. Hence some review would be

prudent.

6.3.1.1 The Calculus of Variations - A Background

First, we are familiar with the straightforward definition of a function

y = f (x) . (6.20)

Thus, y is a magnitude that depends on or is a function of x. The calculus

of variations is based on a reorientation of this terminology

A =

∫ b

a

f (x) dx. (6.21)



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 91

Dynamic Optimality 91

A is now a magnitude that is a function of a function. Hence, a functional

is a function of a function. The point of the example is only to illustrate

that we are looking for a function of x so as to maximize a functional, in

this case a definite integral of that function; in ordinary calculus we look

for the value of a variable, x, so as to maximize (or minimize) a known

function of that value.

6.3.1.2 Underlying Mathematical Concepts

Maximization: Going back to our definition of a maximum, the point x∗

maximizes the value of function f (x) if f (x)−f (x∗) for all x in a neighbor-

hood around x∗. We then developed the traditional first and second order

necessary conditions around this point using the Taylor-Series Expansion

f (x)− f (a) = f ′ (a) (x− a) +
1

2
f ′′ (a) (x− a)

2
+ · · · ≤ 0. (6.22)

To apply these conditions, we assumed that the first and second derivatives

of the function are continuous.

The approach to the calculus of variations problems will parallel that

of ordinary maximization and minimization problems in many respects. In

particular, we will need to consider neighborhoods of a function x (t), which

is a candidate for the solution to maximize or minimize problems like

max I [x] =

∫ t1

t0

F (t, x (t) , x′ (t)) dt. (6.23)

Neighborhoods, Continuity, and the Maxima and Minima: In vari-

ational calculus, a function x (x) is said to maximize the functional I [.] if

I [y] − I [x] ≤ 0 for all y (t) near to x (t). The use of concepts similar to

derivatives and Taylor series for I [x] instead of f (x) requires continuity of

the functional; the definition of continuity, in turn, requires a measure of

nearness for functions.

Continuity of functional I [x]: If for any ε > 0 there is a δ > 0 such

that |x0 (t)− x (t)| < 0, |I [x (t)]− I [x0 (t)]| < ε, then I [x] is continuous at

x0 (t).

Paralleling the definition of distance for numbers, the distance between

two functions can be defined as the 2-norm of the maximum distance be-

tween any two points on the functions measures at the same input value

‖ x0 (t)‖ = max
t0<t<t1

|x0 (t)| (6.24)
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or along the whole function

‖ x0 (t)− x (t)‖ = max
t0<t<t1

|x0 (t)− x (t)| (6.25)

However, an additional facet beyond traditional calculus is the notion of

shape. For example, assume that we are interested in generating a function

close to x (t) in Figure 6.3. Using the concept of distance above we could

generate a function x∗ (t) as depicted in Figure 6.3. Obviously, while x∗ (t)

lies in with neighborhood defined by δ , its shape deviates significantly

from x (t). To circumvent this problem, we extend the notion of distance

to include distances for the derivatives of the function

 

 

 
x(t)

t

δ}
δ}x (t)* x(t)

Fig. 6.3 Defining the Neighborhood of a Function

‖ x‖ 0 = max |x (t)|
‖ x‖ 1 = max |x (t)|+ max |x′ (t)|

‖ x‖ 2 = max |x (t)|+ max |x′ (t)|+ max |x′′ (t)|
(6.26)

with similar definitions for the distance between two functions. Using the

concept of a neighborhood through the first derivative, we could visualize

the neighborhood around any path as depicted in Figure 6.4.
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x’(t)

x(t)

t

Fig. 6.4 Three Dimensional Neighborhood

6.3.2 Definitions of a Maximum

Definition 6.1 (Weak Maximum). If there is a ε > 0 such that for all

‖ x0 (t)‖ < ε, I [x0 (t)]−I [x (t)] ≥ 0, then x0 (t) provides a weak maximum

to the functional I [].

Definition 6.2 (Strong Maximum). If there is a ε > 0 such that for all

‖ x0 (t)− x (t)‖ < ε, I [x0 (t)] − I [x (t)] > 0, then x0 (t) provides a strong

maximum to the functional I [].

6.3.3 Necessary Conditions

Assume that x (t) is the optimal curve. Assume that z (t) is in the neigh-

borhood of x (t). One way to think of z (t) is as a perturbation of x (t), or as

a variation variation of the function x (t) denoted δx (t). This is similar to

∆x in ordinary calculus; however, the independent variable is often shown

explicitly and the notation becomes δx (t) which is not δ times x (t). The

variation of x (t) can then be written as
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z (t) = x (t) + δx (t)

δx (t) = z (t)− x (t)
(6.27)

Note that if z (t) is near to x (t) of order 1, δx (t) represents an infinitesimal

change in x (t) and δx (t) represents an infinitesimal change from x′ (t).

Changing notation again, let

δx (t) = εφ (t) (6.28)

where φ (t0) = φ (t1) = 0. To derive the maximum, we will differentiate the

functional expressed with respect to the alternative path with respect to ε.

To be technically correct, we must first define two new functions Φ (t) and

Φ′ (t) based on the z (t) and z (t) functions. Specifically,

z (t)⇒ Φ (ε) = x (t) + εφ (t)

z′ (t)⇒ Φ′ (ε) = x′ (t) + εφ′ (t)
(6.29)

We will then examine the properties of this system as ε approaches zero.

Substituting z (t) into the objective yields

I =

∫ t1

t0

F (t, x (t) + εφ (t) , x′ (t) + εφ′ (t)) dt (6.30)

Applying Leibniz’s rule

d

dε

∫ t1

t0

F (t,Φ (t) ,Φ′ (t)) dt =
dt1
dε
F (t,Φ (t) ,Φ′ (t))

−dt0
dε
F (t,Φ (t) ,Φ′ (t)) +

∫ t1

t0

[
∂F

∂Φ

dΦ

dε
+
∂F

∂Φ′
dΦ′dε

]
dt

(6.31)

Under typical assumptions the first and second terms of this differentia-

tion go to zero because the starting point and termination point of the

dynamic optimum are exogenous to the optimization problem. However,

these conditions can be revisited if the question regards optimum stopping

time. More to the point, the Euler equation is derived from the expression

under the integral (the last term in the differential). This condition must

be met at every time period.

First, we need to carry the integration through the sum yielding

∫ t1

t0

[
∂F

∂Φ

dΦ

dε
+
∂F

∂Φ′
dΦ′

dε

]
dt =

∫ t1

t0

∂F

∂Φ

dΦ

dε
dt+

∫ t1

t0

∂F

∂Φ′
dΦ′

dε
dt (6.32)
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Intuitively, we would like to be able to recombine these components in such

a way as to factor a common dΦ term outside the multiplication. To do this

we note that the second term in the addition can be integrated by parts

∫ t1

t0

∂F

∂Φ′
dΦ′

dε
dt⇒

{
dv = Φ′dt

u = ∂F
∂Φ′∫ t1

t0

∂F

∂Φ′
dΦ′

dε
dt =

(
∂F

∂Φ′
dΦ

dε

∣∣∣∣
t=t1

− ∂F

∂Φ′
dΦ

dε

∣∣∣∣
t=t0

)
−
∫ t1

t0

(
d

dt

(
∂F

∂Φ′

)
dΦ

dε

)
dt

(6.33)

Substituting for the derivative of Φ with respect to ε this equation becomes

∫ t1

t0

∂F

Φ′
d∂Φ′

dε
dt =

∂F

∂Φ′
φ (t1)− ∂F

∂Φ′
φ (t0)−

∫ t1

t0

(
d

dt

(
∂F

∂Φ′

)
dΦ

dε

)
dt (6.34)

Applying the definition of a feasible path the first two terms drop out. Sub-

stituting this result back into the original integral and substituting again

for the derivative of Φ with respect to ε yields

∫ t1

t0

[
∂F

∂Φ

dΦ

dε
+
∂F

∂Φ′
dΦ′

dε

]
dt =

∫ t1

t0

[
∂F

∂Φ
φ (t)− d

dt

(
∂F

∂Φ′
φ (t)

)]
dt

=

∫ t1

t0

[
∂F

∂Φ
− d

dt

(
∂F

∂Φ′

)]
φ (t) dt

(6.35)

Finally, letting ε approach zero, we derive the Euler equation in terms of

the optimal path

dI

dε

∣∣∣∣
ε=0

=

∫ t1

t0

[
∂F

∂x
− d

dt

∂F

∂x′ (t)

]
φ (t) dt = 0 (6.36)

implying that

fx −
d

dt
fx′ = 0 ∀t ∈ [t0, t1] (6.37)

To operationalize the Euler equation we note that

fx′ = fx′ (t, x (t) , x′ (t))

∴
dfx′

dt
= fx′t + fx′xx

′ + fx′x′x
′′ (6.38)



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 96

96 Static and Dynamic Optimization

Therefore another manifestation of the Euler equation is

fx = fx′t + fx′xx
′ + fx′x′x

′′ (6.39)

Example 6.1. As a first example, consider solving the simple example

presented above

min

∫ T

0

[x′ (t)]
2
dt

s.t.x (0) = 0, x (T ) = B

(6.40)

Solving this example implies that

f (t, x (t) , x′ (t)) = [x′ (t)]
2 ⇒


fx = 0

fx′ = 2x′ (t)⇒


fx′t = 0

fx′x = 0

fx′x′ = 2

(6.41)

The Euler equation then becomes

fx = fx′t + fx′xx
′ + fx′x′x

′′ ⇒ 0 = 0 + 0x′ (t) + 2x′′ (t) (6.42)

Solving the second order differential equation

d2x (t)

dt2
= 0⇒ dx (t)

dt
=

∫
0dt+ c1 = c1

dx (t)

dt
= c1 ⇒

∫
c1dt+ c2 = c1t+ c2

(6.43)

Using the boundary conditions to solve for the constants

x (0) = 0⇒ 0 = c10 + c2 ⇒ c2 = 0

x (T ) = B ⇒ B = c1T ⇒ c1 =
B

T

(6.44)

Thus, the optimal solution is the same as we saw above in Equation

6.18

x (t) =
Bt

T
, for 0 ≤ t ≤ T (6.45)
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Example 6.2. Expanding the general formulation in Example 6.1

∫ 1

0

{
[x′ (t)]

2
+ 10tx (t)

}
dt

x (0) = 1, x (1) = 2
(6.46)

To derive the Euler equation

f (t, x (t) , x′ (t)) = [x′ (t)]
2

+ 10tx (t)

⇒


fx = 10t

fx′ = 2x′ (t)⇒


fx′t = 0

fx′x = 0

fx′x′ = 2

⇒ 10t = 2x′′ (t)

x′′ (t) = 5t

(6.47)

The solution of the differential equation is then

d2x (t)

dt2
= 5t⇒ dx (t)

dt
=

∫
5tdt+ c1 =

t

2
t2 + c1

dx (t)

dt
=

5

2
t2 + c1 ⇒ x (t) =

∫ (
5

2
t2 + c1

)
dt+ c2 =

5

5
6t3 + c1t+ c2

(6.48)

Using the initial conditions

x (0) =
5

6
03 + c10 + c2 = 1⇒ c2 = 1

x (1) =
5

6
13 + c11 + 1 = 2⇒ 12

6
− 5

6
− 6

6
=

1

6

(6.49)

The solution of the calculus of variations problem is then

x (t) =
5

6
t3 +

1

6
t+ 1 (6.50)

Example 6.3. The inventory problem considering not only the cost of

production, but also the inventory holding cost then becomes

min

∫ T

0

{
c1 [x′ (t)]

2
+ c2x (t)

}
dt

x (0) = 0 x (T ) = B

(6.51)
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The Euler equation can then be derived as

f (t, x, x′) = c1 [x′ (t)]
2

+ c2x (t)⇒


fx =2

fx′ = 2c1x
′ (t)⇒


fx′t = 0

fx′x = 0

fx′x′ = 2c1
c2 = 2c1x

′′ (t)
(6.52)

Solving the Euler equation

d2x (t)

dt2
=

1

2

c1
c2
⇒ dx (t)

dt
=

1

2

∫
c1
c2
dt+ k1 =

c1
2c2

t+ k1

x (t)

dt
=

c1
2c2

t+ k1 ⇒ x (t) =
c1
2c2

∫
tdt+

∫
k1dt+ k2

=
c1
4c2

t2 + k1t+ k2

(6.53)

Using the boundary conditions

x (0) =
c1
4c2

02 + k10 + k2 = 0⇒ k2 = 0

x (T ) =
c1
4c2

T 2 + k1T = B ⇒ k1 =
B

T
− c1

4c2
T

∴ x (t) =
c1
4c2

t2 +

(
B

T
− c1

4c2
T

)
t =

c2 (t− T ) t

4c1
+
Bt

T

(6.54)

In addition to the straightforward solution, we have an implicit condition

that x′ (t) ≥ 0. To establish this, we first establish that x′ (0) is greater

than zero. Afterwards, if we can establish that x′′ (t) is greater than zero,

we will have shown that x′ (t) ≥ 0 for all t in the interval. Starting with

the second part first,

x′′ (t) =
c1
2c2

> 0 if c1, c2 > 0 (6.55)

So the result that x′ (t) greater than zero is established if x′ (0) ≥ 0

x′ (t) =
c1
2c2

t+ k1

x′ (t) =
c1
2c2

0 +

[
B

T
+

c1
4c2

T

]
≥ 0⇔ B ≥ c2T

2

4c1

(6.56)
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6.3.4 Interpreting the Euler Equation

First note that the Euler equation must hold between any two points in

0 ≤ t ≤ T . Thus, choosing points t and t + ∆ in the previous example

yields

∫ t+∆

t

2c1x
′′ (s) ds =

∫ t+∆

t

c2ds

2c1

∫ t+∆

t

x′′ (s) ds = c2

∫ t+∆

t

ds

2c1 (x′ (t+ ∆)− x′ (t)) = c2 (t+ ∆− t)
2c1x

′ (t+ ∆) = 2c1x
′ (t) + c2∆

(6.57)

where 2c1x
′ (t+ ∆) is the cost of producing in the next period, 2c1x

′ (t) is

the cost of producing in the current period, and c2∆ is the inventory cost.

Thus, at optimum the cost of producing in the next period is exactly equal

to the cost of producing in this period plus inventory cost.

Another form of the Euler condition implicit in the preceding discussion

is

fx′ (t, x (t) , x′ (t)) =

∫ t1

t0

fx (t, x (t) , x′ (t)) dt (6.58)

An example of this reformulation is the inventory problem with a discount

rate. This formulation becomes

min

∫ T

0

e−rt
{
c1 [x′ (t)]

2
+ c2x (t)

}
dt (6.59)

Following the reformulation

f (t, x (t) , x′ (t)) = e−rt
{
c1 [x′ (t)]

2
+ c2x (t)

}
⇒
{

fx = e−rtc2
fx′ = 2e−rtc1x

′ (t)

(6.60)

The general statement of the Euler equation then yields

fx =
dfx′

dt
. (6.61)

Substituting the results Equation 6.60 into Equation 6.61 yields
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e−rtc2 =
d

dt

[
2e−rtc1x

′ (t)
]

(6.62)

multiplying both sides of Equation 6.63 by dt, changing the constant of

integration to ds and integrating yields

c2

∫
t

e−rsds+ k1 =

∫
t

d
[
2e−rtc1x

′ (s)
]

−c2
r
e−rt + k1 = 2e−rtc1x

′ (t)

x (t) =

∫
t

[
− c2

2rc1
+ k1e

rs

]
ds+ k2

= − c2
2rc1

t+
k1

r
ert + k2

(6.63)

Solving for the boundary conditions

x (0) = −c2
c1

0 +
k1

r
e0 + k2 = 0⇒ k2 = −k1

r

x (T ) = −c2
c1
T +

(
ert − 1

) k1

r
= B ⇒

r

[
B +

c2T

2rc1

]
[
ert − 1

] (6.64)

Example 6.4 (Maximize Utility over Time). An individual seeks the

consumption rate over some time T . The utility function is assumed to

obey the typical conditions U ′ (x) > 0, U ′′ (x) < 0

max

∫ T

0

e−rtU (c (t)) dt (6.65)

subject to a cash flow constraint. To derive the cash flow constraint, assume

that the individual receives current income v (t) and a return on capital

ik (t) where k (t) is the level of capital invested. Income is then used for

consumption c (t) and change in investment k′ (t). Thus, the cash flow

equation becomes

v (t) + ik (t) = c (t) + k′ (t) (6.66)

with boundary conditions k (0) = k0 and k (T ) = kT . The solution is

derived by
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c (t) = v (t) + ik (t)− k′ (t)⇒ max

∫ T

0

e−rtU (v (t) + ik (t)− k′ (t)) dt

(6.67)

The Euler equation is then formed as

f (t, k (t) , k′ (t)) = e−rtU (v (t) + ik (t)− k′ (t))⇒
{

fk = ie−rtU ′ (c (t))

fk′ = −e−rtU ′ (c (t))
(6.68)

Using the integral approach

∫ t+∆

t

ie−rsU ′ (c (s)) ds =

∫ t+∆

t

d
[
−e−rsU ′ (c (s))

]
ds

ds∫ t+∆

t

ie−rsU ′ (c (s)) ds = −et+∆U ′ (c (t+ ∆)) + e−rtU ′ (c (t))

e−rtU ′ (c (t)) = i

∫ t+∆

t

U ′ (c (s)) ds+ e−r(t+∆)U ′ (c (t+ ∆))

(6.69)

Interpretation

e−rtU ′ (c (t)) (6.70)

is the marginal utility of consuming an additional dollar at time t. While

i

∫ t+∆

t

e−rsU ′ (c (s)) ds+ e−r(t+∆)U ′ (c (t)) (6.71)

is the marginal value of the postponed dollar. Implicitly,

i

∫ t+∆

t

e−rsds (6.72)

is the small change in dollars resulting from investing the dollar for con-

sumption later rather than consuming it in the current period. Thus,

i

∫ t+∆

t

e−rsU ′ (c (s)) ds (6.73)

is the change in utility from investing the dollar of consumption and receiv-

ing the consumption value in the next period. Similarly,
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U ′ (c (t+ ∆)) e−r(t+∆) (6.74)

is the marginal value of consumption at the next increment in time.

Back to the Euler equation

d

dt

[
−e−rtU ′ (c (t))

]
= re−rtU ′ (c (t))− e−rtU ′′ (c (t)) c′ (t)

∴ ie−rtU ′ (c (t)) re−rtU ′ (c (t))− e−rtU ′′ (c (t)) c′ (t)

(i− r)U ′ (c (t)) = −U ′′ (c (t)) c′ (t)

i− r =
U ′′ (c (t)) c′ (t)

U ′ (c (t))

(6.75)

Given that −U ′′/U ′ > 0, C ′ (t) > 0 if i > r. Remember that i is the return

on capital and r is the impatience. Thus, you accumulate capital if the

interest rate is greater than the impatience rate. Letting U (c (t)) = ln (c (t))

U ′ (c (t)) =
1

c (t)

U ′′ (c (t)) = − 1

c (t)
2

−U
′′ (c (t)) c′ (t)

U ′ (c (t))
=
c′ (t)

c (t)
= i− r ⇒ c (t) = c (0) e(i−r)t

(6.76)

the concept of an excessive burdent as the loss of consumer surplus due to

the inefficiency imposed by the tax. [Levhari and Sheskinski (1972)] Lev-

hari, D.Sheskinski, E. develop a new, dynamic idea of excess burden based

on intertemporal maximization of utility. Thus, we define the excess burden

of a tax as the loss of consumer’s surplus summed, with the appropriate

discounting, over the lifetime of the individual. In principle, the [Harberger

(1964)] Harberger, A. C. formula may also be applied to the intertemporal

case, interpreting some of the different goods as the same goods supplied

in different time periods. There are, however, some special features of the

intertemporal case which require elaboration. The intertemporal case may

involve an infinite number of goods (when time is treated continuously or

with an open horizon). The imposition of a tax on a particular good in-

volves the quantities of the same good in all future time periods; that is, it

is equivalent to imposition of a set of taxes on numerous goods at the same

rate. There are difficulties involved in the calculation of the intertemporal

”expenditure function” (required for the Harberger formula).
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6.3.4.1 Derivation of the Lifetime Program

In the pure capital model, income is defined as

y (t) = r (1− λ) a (t) + v (t) (6.77)

where y (t) is the income at time t composed of net profits and government

transfers, a (t) is the level of capital stock at time t, r is the interest rate,

λ is the tax rate 0 < λ < 1, and v (t) is the level of government payments.

Income is divided into two components: new investment and consumption

y (t) = c (t) + ȧ (t) (6.78)

Assuming a utility function

U (c (t)) = ln (c (t)) (6.79)

the welfare function then becomes

V =

∫ T

0

e−δtU (c (s)) ds (6.80)

(δ > 0).

Given an initial stock of capital at time zero, the individual maximizes

V subject to a terminal solvency constraint

aT = 0 (6.81)

Thus,

V =

∫ T

0

ln (r (1− λ) a (s) + v (s)− a′ (s)) e−δsds

f (t, a, a′) = ln (r (1− λ) a (t) + v (t)− a′ (t)) e−δt

⇒


fa =

r (1− λ) e−δt

(r (1− λ) a (t) + v (t)− a′ (t))
fa′ = −eδt

(r (1− λ) a (t) + v (t)− a′ (t))

(6.82)

Differentiating the partial with respect to a′ with respect to time

dfa′

dt
=

δe−δt

(r (1− λ) a (t) + v (t)− a′ (t))

+
(r (1− λ) a′ (t) + v′ (t)− a′′ (t)) e−δt

(r (1− λ) a (t) + v (t)− a′ (t))2

(6.83)
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Substituting for consumption and the differential of consumption yields a

Euler equation

r (1− λ) e−δt

c (t)
=
δe−δt

c (t)
+
e−δtc′ (t)

[c (t)]
2

[r (1− λ)− δ]− c′ (t)

c (t)
= 0

c (t) = c0e
[r(1−λ)−δ]t

(6.84)

Assuming that v (t) = λra (t), or that government returns all tax revenues

to the individual, from Equations 6.77 and 6.78

y (t) = r (1− λ) a (t) + λra (t)

= ra (t)− λra (t) + λra (t)

= ra (t)

∴ a′ (t)− ra (t) = −c (t)

(6.85)

As we previously discussed, this type of differential is solved by multiplying

both sides by e−rs and integrating both sides

a (t) e−rt = a (0)−
∫ t

0

c (s) e−rsds (6.86)

Using the terminal condition

a (T ) e−rT = a (0)−
∫ T

0

c (s) e−rsds

a (T ) = 0⇒ a (0) =

∫ T

0

c (s) e−rsds

=

∫ T

0

c (0) e[r(1−λ)−δ]s−rsds

=

∫ T

0

c (0) e−[rλ+δ]sds

=
c (0) e−[rλ+δ]T

− [rλ+ δ]− c (0)

− [rλ+ δ]

= c (0)

[
1− e−[rλ+δ]T

]
rλ+ δ

(6.87)

Reversing the equality
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c (0) = a (0)
λr + δ

1− e−[rλ+δ]T
(6.88)

thus

c (t, λ, a0) = a0
λr + δ

1− e−[λr+δ]T
e[r(1−λ)−δ]t (6.89)

6.3.4.2 Fish Example

One application of calculus of variations is the design of fishing policies.

Typically, the change in the fish population is modeled as some function of

current fish stock. For example, using the logistic function

dx

dt
= rx

(
1− x

k

)
(6.90)

where r is the intrinsic growth rate and k is the carrying capacity. Adding

fishing to this equation of motion

dx

dt
= rx

(
1− x

k

)
− qEx

⇒

{
F (x) = rx

(
1− x

k

)
natural reproduction

h (t) = qEx harvest

(6.91)

To integrate these into a model of fishing we construct a profit function

for each unit of effort

R∆t = [ph (t)− cE (t)] ∆t (6.92)

where R is the revenue for the increment in time ∆t, p is the price of the

output, c is the cost of effort and E (t) is the level of effort. Rewriting the

harvest variable as a function of effort so that h (t) = G (x (t)) we get

R∆t = [pG (x (t))− c]E (t) ∆t

= [p− c (x (t))]h (t) ∆t

c (x (t)) =
c

G (x (t))

G (x (t)) =
h (t)

E (t)

(6.93)

Therefore, the present value of a harvest scenario becomes
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PV =

∫ ∞
0

e−δt [p− c (x (t))]h (t) dt (6.94)

To integrate the equation of motion, we solve the fish stock equation

backward yielding

dx

dt
= x′ (t) = F (x (t))− h (t)

h (t) = F (x (t))− x′ (t)
(6.95)

Therefore the planning problem becomes

PV =

∫ ∞
0

e−δt [p− c (x (t))] (F (x (t))− x′ (t)) dt

f (t, x, x′) = e−δt [p− c (x (t))] (F (x (t))− x′ (t))

⇒


fx = e−δt { c′ (x (t)) (F (x (t))− x′ (t)) +

[p− c (x (t))]F ′ (x (t))}
fx′ = −e−δt [p− c (x (t))]

e−δt { −c′ (x (t)) (F (x (t))− x′ (t)) + [p− c (x (t))]F ′ (x (t))} =

e−δt { δ [p− c (x (t))] + c′ (x (t))x′ (t)}

(6.96)

Solving the Euler equation

−c′ (x (t))F (x (t)) + c′ (x (t)) + (p− c (x (t)))F ′ (x (t)) =

δ [p− c (x (t))] + c′ (x (t))x′ (t)

−c
′ (x (t))F (x (t))

p− c (x (t))
+ F ′ (x (t)) = δ

(6.97)

In some cases, the solution of the differential equation implied by the

Euler equation can be simplified by the structure of the problem. Particu-

larly, f (t, x, x′) if t, x, or x′ are zero, then the differential equation implied

by Euler is simplified.

Example 6.5. f depends only on t and x′ (f = f (t, x′)). Following the

calculus of variations

fx = 0 =
dfx′

dt
(6.98)

If dfx′/dt = 0 then fx′ is a constant. For example
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∫ t1

t0

(
3x′ (t)− t [x′ (t)]

2
)
dt

fx′ = 3− 2tx′ (t) = c0
−2tx′ (t) = c0 − 3

x′ (t) =
c0 − 3

2t
=
c1
t

(6.99)

Example 6.6. F depends on x and x′

fx = fx′xx
′ + fx′x′x

′′

fx − fx′xx′ − fx′x′x′′ = 0
(6.100)

Multiplying by x′

x′ [fx − fx′xx′ − fx′x′ ] = 0

fxx
′ − [x′fx′xx

′ + x′fx′x′x
′′] = 0⇐

 fxx
′ ⇐ df

dt

x′fx′xx
′ + x′fx′x′x

′′ ⇐ d [x′fx′ ]
dt
(6.101)

Thus,

d [f − x′fx′ ]
dt

= 0⇒ f − x′fx′ = c0 (6.102)

Example 6.7. f depends only on x′. The Euler euqation is fx′x′x
′′ =

0. THus, along the extremal case either: (1) fx′x′ = 0 (in Kamien and

Schwartz fx′x′ (x
′) = 0 because fx′x′ 8s a function of x′), or (2) x′′ (t) = 0

which is identical to x′ = constnat which yields an extremal of the form

x (t) = c1t + c2. If f is linear in x′ − fx′x′ = 0, the Euler equation is an

indentity and any x satisfies it. If f depends soly on x′, but is not linear

the graphics of the extremals are straight lines

∫ t1

t0

(x′ (t))
3
ex
′(t)dt

s.t. x (t0) = x0, x (t1) = x1

f = (x′ (t))
3
ex
′(t) ⇒

{
fx = 0

fx′ = 3 (x′ (t))
2
ex
′(t) + (x′ (t))

3
ex
′(t)

(6.103)

The solution in this case must be of the form x (t) = c1t+ c2.



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 108

108 Static and Dynamic Optimization

Example 6.8. f depends on t and x only. The Euler equation becomes

fx (t, x) = 0 which is the static problem.

Example 6.9. f is linear in x′ of the form f = A (t, x) + B (t, x)x′. The

Euler euqation is

Ax +Bxx
′ = Bt +Bxx

′ ⇐
{
fx = Ax +Bxx

′

fx′B (t, x)

Ax = Bt

(6.104)

This is not a differential equation. If the solution x (t) of this equation satis-

fies the boundary conditions, it may be the optimal solution. Alternatively,

Ax = Bt may be an identity Ax (t, x) = Bt (t, x), satisfied by any function

x. Then according to the integrability theorem of differential equations,

there is a function P (t, x) such that Pt = A, Px = B, Ptx = Ax = Bt and

f (t, x, x′) = A+Bx′ = Pt + Pxx
′ =

dP

dt
(6.105)

Thus, the integrand is the total derivative of P and

∫ t1

t0

(A+Bx′) dt =

∫ t1

t0

(
dP

dt

)
dt = P (t1, x (t1))− P (t0, x (t0)) (6.106)

The value of the integral depends only on the endpoints; the path joining

them is irrelevant. Any feasible path is optimal. This is analogous to the

problem of maximizing a constant function; any feasible point will yield the

same value.

Two integrands that appear different can lead to the same Euler equa-

tion and thus have the same extremals. This happens if the integrands

differ by an exact differential

Q (t, x, x′) ≡ dP

dt
= Pt (t, x) + Px (t, x)x′ (6.107)

then for any twice differentiable function f (t, x, x′), the two integrals

∫ t1

t0

f (t, x, x′) dt and

∫ t1

t0

[f (t, x, x′) +Q (t, x, x′)] dt (6.108)

Only differ by a constant P (t1, x1)−P (t0, x0) and the Euler equations are

identical.
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Example 6.10 (Discounted Profit). This example can be viewed as a

simplification of [Jorgenson (1973)] Jorgenson, D. W.. The general goal is

to design an investment plan, I (t), that maximizes the discounted value

of profit. This investment is subject to a production process where the

level of production is based on the level of capital, K (t). In Jorgenson’s

original article, the production function also included a labor input, L (t).

The calculus of variations problem is then written as

∫ T

0

e−rt [p (t) f (K (t)− c (t) I (t))] dt

s.t. K (0) = K0, K (T ) = KT

I (t) = K ′ (t) + bK (t)

(6.109)

Substituting the investment equation into the objective function yields

∫ T

0

e−rt [p (t) f (K (t)− c (t) (K ′ (t) + bK (t)))] dt

F = e−rt [p (t) f (K (t)− c (t) (K ′ (t)− bK (t)))]

⇒
{
FK = [p (t) f ′ (K (t)− c (t) b)] e−rt

FK′ = −c (t) e−rt

⇒ e−rt [p (t) f ′ (K (t)− c (t) b)] = e−rt [rc (t)− c′ (t)]

(6.110)

Note that this is not a differential equation in K (t). The optimal capital

choice is separable.

6.3.5 Second Order Conditions

From traditional calculus, we are accustomed to two sets of criteria for max-

imizing a function: First Order Conditions f ′ (x∗) = 0 and Second Order

Conditions f ′′ (x∗) < 0. A parallel exists for the calculus of variations. We

previously concluded that given a small variation around an optimal path

g (a) =

∫ t1

t0

f (t, x (t) + ah (t) , x′ (t) + ah′ (t)) dt (6.111)

we must have

g′ (0) =

∫
[fxh+ fx′h

′] dt = 0 (6.112)

This expression is called the first variation. The analog of the second deriva-

tive is the second variation



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 110

110 Static and Dynamic Optimization

g′′ (0) =

∫ t1

t0

[
fxxh

2 + 2fxx′hh
′ + fx′x′ (h

′)
2
]
dt (6.113)

If x∗ (t) maximizes the integrand, it is necessary that the second variation

be nonpositive for all admissible functions h. The second partials evaluated

along
(
t, x∗ (t) , x∗′ (t)

)
. This second order condition leads to the Legendre

condition. The second order condition will surely be met if f is concave in

x and x′

[
∆1 ∆2

] [ fxx fxx′

fx′x fx′x′

] [
∆1

∆2

]
≤ 0 (6.114)

Indeed, if the integrand f (t, x, x′) is jointly concave in its second and third

arguments, and x∗ (t) satisfies the Euler equation fx = dfx′/dt, then x∗ (t)

maximizes the integrand.

Proof. Suppose f = (t, x, x′) and f∗ (t, x∗, x∗). Defining h (t) = x (t) −
x∗ (t) and h′ (t) = x′ (t)− x∗′ (t). Since f is concave, it follows that

∫ t1

t0

[f − f∗] dt ≤
∫ [

(x− x∗) f∗x +
(
x′ − x∗′

)
f∗x′
]
dt (6.115)

Replacing x− x∗ with h and x′ − x∗′ with h′

∫ t1

t0

[f − f∗] dt ≤
∫ t1

t0

[f∗xh+ f∗x′h
′] dt

≤
∫ t1

t0

f∗xhdt+

∫ t1

t0

f∗x′h
′dt

(6.116)

Integrating the second term on the right hand side by parts yields

∫ t1

t0

f∗x′h
′dt = f∗x′ (t1, x (t1) , x′ (t1))h (t1)− f∗x′ (t0, x (t0) , x′ (t0))h (t0)

−
∫ t1

t0

df∗x′

dt
hdt

(6.117)

Substituting this expression back into the preceding result yields Euler’s

equation which indicates that if the function is jointly concave in x and x′,

then the second order conditions for maximization are met.
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Unfortunately, for many problems of interest the function will not be

concave in x and x′. The Legendre condition requires that the integrand

be locally concave in x′ along the optimal path. Returning to

g′′ (0) =

∫ t1

t0

[
fxxh

2 + 2fxx′hh
′ + fx′x′ (h

′)
2
]
dt (6.118)

Focusing on the 2fxx′hh
′ term and integrating by parts

u = fxx′ ⇒ du =
dfxx′
dt

dv = 2hh′dt⇒ v = h2

}
⇒
∫ t1

t0

2fxx′hh
′dt =

fxx′h
2
∣∣t1
t0
−
∫ t1

t0

dfxx′

dt
h2dt

(6.119)

The second variation then becomes

g′′ (0) =

∫ t1

t0

[(
fxx −

dfxx′

dt

)
h2 + fx′x′ (h

′)
2
]
dt. (6.120)

Lemma 6.1. Let P (t) and Q (t) be given continuous functions on [t0, t1]

and let the quadratic functional

∫ t1

t0

[
P (t) (h′ (t))

2
+Q (t) (h (t))

2
]
dt (6.121)

be defined for all continuous differentiable functions h (t) on [t0, t1] such

that h (t0) = h (t1) = 0. A necessary condition for the integrand to be

nonpositive for all such h is that p (t) ≤ 0, t0 ≤ t ≤ t1. This lemma implies

that

g′′ (0) =

∫ t1

t0

[(
fxx −

dfxx′

dt

)
h2 + fx′x′ (h

′)
2
]
dt ≤ 0

if fx′x′
(
t, x∗ (t) , x∗′ (t)

)
≤ 0

(6.122)

This is the Legendre condition: a maximizing x∗ (t) must not only satisfy

the Euler equation, but also the Legendre condition. A minimizing path

must satisfy fx′x′
(
t, x∗ (t) , x∗′ (t)

)
≥ 0.
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6.3.6 Isoperimetric Problem

General statement of the isoperimetric problem

max

∫ t1

t0

f (t, x, x′) dt

s.t.

∫ t1

t0

g (t, x, x′) dt

x (t0) = x0, x (t1) = x1.

(6.123)

for the specific case

max

∫ T

0

e−rtP (x) dt

s.t.

∫ T

0

xdt = B

(6.124)

The basis of this problem is that of an extractable resource where x (t) is

the rate of extraction and there is B units of resource to extract

∫ T

0

xdt = y (t)⇒ y′ (t) = x (t) (6.125)

Thus, a change in variables yields

max

∫ T

0

e−rtP (y′ (t)) dt

s.t. y (0) = 0, y (T ) = B

(6.126)

However, another way to do the same thing is to use a Lagrange multiplier

max

∫ T

0

e−rtP (x) dt+ λ

[
B −

∫ T

0

xdt

]
=

∫ T

0

[
e−rtP (x)− λx

]
dt+ λB

fx = e−rtP ′ (x)− λ = 0

e−rtP ′ (x) = λ

(6.127)

In a more general case

∫ t1

t0

[f (t, x, x′)− λg (t, x, x′)] dt− λB

Fx = fx − λgx =
d [fx′ − λgx′ ]

dt

(6.128)
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Example 6.11. Isoperimetric formulation

min

∫ 1

0

[x′ (t)]
2
dt

s.t.

∫ 1

0

x (t) dt = B

x (0) = 0, x (1) = 2

(6.129)

Writing the augmented problem

∫ 1

0

(
[x′ (t)]

2 − λx (t)
)
dt+ λB (6.130)

The Euler equation is then

2x′′ (t) + λ = 0

x′′ (t) = −λ
2

x′ (t) = −λt
2

+ c1

x (t) = −λt
2

4
+ c1t+ c2

(6.131)

We need to determine three constants −λ, c1, c2 using the integral con-

straint and the boundary conditions. First using the endpoints

x (0) = −λ (0)
2

4
+ c1 (0) + c2 = 0⇒ c2 = 0

x (1) = −λ12

4
+ c1 (1) = 2⇒ c1 = 2 +

λ

4

(6.132)

Next, using the integral condition

∫ 1

0

(
−λt

2

4 +
[
2 + λ

4

]
t

)
dt = −λ (1)

3

12 +
(

1 + λ
8

)
(1) = B

⇒ − λ

12
+
λ

8
= B − 1

⇒ λ = 24 (B − 1)

(6.133)
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Fig. 6.5 Fixed Endpoint Problem

6.3.7 Free End Value Problems

To this point we have been interested in solving for the optimal path be-

tween two points x (t0) and x (t1) as depicted in Figure 6.5. Now the focus

shifts to the case that we know the initial point, but do not specify the

terminal point. We are simply searching for the path that crosses a cer-

tain point in time as depicted in Figure 6.6. Mathematically, the problem

becomes

max

∫ t1

t0

f (t, x (t) , x′ (t)) dt

s.t. x (t0) = x0

(6.134)

Back in the primordial past, we applied Liebinitz’s rule to
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x

t t

0

0 1

Fig. 6.6 Free Endpoint Problem

d

dε

∫ t1

t0

f (t,Φ (ε) ,Φ′ (ε)) dt =
dt1
dε
f (t,Φ (ε) ,Φ′ (ε))− dt0

dε
f (t,Φ (ε) ,Φ′ (ε))

+

∫ t1

t0

[
∂f

∂Φ

dΦ

dε
+

∂f

∂Φ′
dΦ′

dε

]
dt

dt1
dε

=
dt0
dε

= 0

(6.135)

Integrating the last term by parts then yielded

∫ t1

t0

[
∂f

∂Φ

dΦ

dε
− ∂f

∂Φ′
dΦ′

dε

]
dt =(

∂f

Φ′
φ (t)

∣∣∣∣t1
t0

+

∫ t1

t0

[
∂f

∂Φ
− d

dt

∂f

∂Φ′

]
φ (t) dt

(6.136)

Letting ε go to zero yields
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fx′ (t1, x (t1) , x′ (t1))φ (t0)− fx′ (t0, x (t0) , x′ (t0))

+

∫ t1

t0

[
fx −

dfx′

dt

]
φ (t) dt

(6.137)

In the current formulation, we will impose that φ (t0) = 0, but not φ (t1).

This yields the original Euler condition plus

fx′ (t1, x (t1) , x′ (t1)) = 0 (6.138)

6.3.8 Inequality Constraints

The basic setup is out standard dynamic problem

max

∫ t1

t0

F (t, x, x′) dt

s.t. x (t) ≤ R (t) , x (t0) = x0, x (t1) = x1

(6.139)

Thus, the constraint x (t) ≤ R (t) may or may not be binding at some point

for the optimal path. Obviously, if the constraint is not binding, it does not

affect the original formulation of the problem. If, on the other hand, the

constraint is binding, it affects the optimal path as depicted in Figure 6.7.

The optimal path is affected by the inequality constraint at t∗1 and follows

the inequality constraint through point t∗2 at which point it diverges from

the constraint. The question is then: Where does the optimal path join

and leave the constraint? This problem can be formulated similarly to free

endpoint problem.

Mathematically, the optimality conditions for this problem can be dis-

cussed within the context of a total variation. To define the total variation

of the function, we return to the most basic derivation

max

∫ b+ε δb

a+ε δa

F (t,Φ,Φ′) dt (6.140)

where δa denotes a variation in the lower bound of the integral (the starting

time) and δb denotes a variation in the upper bound of the integral (the

ending time). In this case, the scaling parameter for the variation ε is

pulling double duty. It not only controls the perturbation of the optimal

path in the Euler equation sense, but also controls the perturbation of either

endpoint. By Taylor series expansion at the upper bound, we see that
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Fig. 6.7 Constrained Euler Solution

y (a+ ε δa) ≈ y (a) + y′ (a) (a+ ε δa− a)

= y (a) + y′ (a) (ε δa)
(6.141)

Letting y′ (a) ε go to y∗′ (a)

y (a+ ε δa) = y (a) + y∗ (a) δa

∴ δya = y (a) + y∗′ (a)− y∗ (a)

δya = φ (x) + y∗′ (a) δa 3: φ (x) = y (a)− y∗ (a)

φ (x) = δya − y∗′ (a) δa

(6.142)

The perturbation along the feasible path then becomes

dI

dε
= δbF − δaF +

∂F

∂Φ′
(
δyb − y∗′δb

)
− ∂F

∂Φ′
(
δya − y∗′δa

)
+∫ b

a

(
∂F

∂Φ

dΦ

dε
− ∂F

∂Φ′
dΦ′

dε

)
dt

(6.143)

Letting ε go to zero and collecting terms
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δI = (F − x′Fx′)|b δb+ Fx′ |b δx (b)− (F − x′Fx′)|a δa− Fx′ |a +∫ b

a

(
Fx −

dFx′

dt

)
hdt

(6.144)

This problem is sufficient to discuss the problem of joining or leaving the

optimal path. The question of joining the constraint is the case where

δb 6= 0 and δx (b) 6= 0 and the leaving constraint δa 6= 0 and δx (a) 6= 0.

Along the constraint, intuitively, δI ≤ 0. Thus, either the Euler condition is

less than or equal to zero, or the path is inadmissible. Solving the problems

in sections, if the optimal path joins the constraint then

∫ t1

t0

F (.) dt⇒ Fx′δx1 + (Fx′Fx′) δt1 (6.145)

at t1. At this condition R (t1) δt1 = δx1, thus

[F + Fx′ (R
′ − x′)] δt1. (6.146)

This is compared with the value along the constraint

∫ t1

t1+δt1

F (t, R (t)R′ (t)) dt ≈ −F (t1, R (t1) , R′ (t1)) δt1. (6.147)

Combining the two conditions

[F (t, x, x′) + Fx′ (t, x, x
′) (R′ − x′)− F (t, R,R′)]|t1 δt1. (6.148)

Yielding the condition that

F (t, x, x′) + Fx′ (t, x, x
′) (R′ − x′)− F (t, R,R′) = 0 at t1 (6.149)

6.4 Optimal Control

6.4.1 Basic Formulation

The basic formulation of the optimal control problem is

max

∫ t1

t0

f (t, x (t) , u (t)) dt

s.t. x′ (t) = g (t, x (t) , u (t))

t0, t1, x (t0) = x0 fixed , x (t1) free

(6.150)
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where x (t) is a state variable state variable and u (t) is a control variable

control variable. The typical calculus of variations problem can be refor-

mulated as a control problem

 max

∫ t1

t0

f (t, x (t) , x′ (t)) dt

s.t. x (t0) = x0

 ⇔


max

∫ t1

t0

f (t, x (t) , u (t)) dt

u (t) = x′ (t)

x (t0) = x0


(6.151)

Rewriting Equation 6.150 in Lagrange form yields

J =

∫ t1

t0

[f (t, x (t) , u (t)) + λ (t) (g (t, x (t) , u (t))− x′ (t))] dt

=

∫ t1

t0

[f (t, x (t) , u (t)) + λ (t) g (t, x (t) , u (t))− λ (t)x′ (t)] dt

(6.152)

Integrating the last term in the integrand by parts

∫ t1

t0

λ (t)x′ (t) dt⇐
{
v = λ (t)⇒ dv = λ′ (t) dt

du = x′ (t) dt⇒ u = x (t)∫ t1

t0

λ (t)x′ (t) dt = λ (t1)x (t1)− λ (t0)x (t0)−
∫ t1

t0

λ′ (t)x (t) dt

(6.153)

Substituting the result of Equation 6.153 into the Lagrangian yields

J =

∫ t1

t0

[f (t, x (t) , u (t)) + λ (t) g (t, x (t) , u (t)) + x (t)λ′ (t)] dt

−λ (t1)x (t1) + λ (t0)x (t0)

(6.154)

To develop the necessary conditions consider a variation around the

optimal path u (t)

u (t) = u∗ (t) + a h (t) (6.155)

By construction, we can imagine a feasible path for x (t) given the variation

on the optimal path

x′ (t) = g (t, x (t) , u (t) + a h (t)) (6.156)

This variation around x (t) can then be written as a function of a
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y (t, a) =

∫
x′ (t) dt|a =

∫ t

t0

g (s, x (x) , u (s) + a h (s)) ds (6.157)

Just as in the calculus of variations, assume that there exists an optimal

path for the state variable x (t)→ x∗ (t). If a = 0, y (t, 0) = x∗ (t). Further,

the variation must be admissible so that y (t0, a) = x0 for any a.

Rewriting the objective function in terms of this alternative path yields

J (a) =

∫ t1

t0

f (t, y (t, a) , u∗ (t) + ah (t)) dt

=

∫ t1

t0

[f (t, y (t, a) , u∗ (t) + ah (t)) + λ (t) g (t, y (t, a) , u∗ (t) + ah (t))

+y (t, a)λ′ (t)] dt− λ (t1) y (t1, a) + λ (t0) y (t0, a)
(6.158)

Differentiating with respect to a yields

J ′ (a) =

∫ t1

t0

[fyya + fuh+ λgyya + λ′ya] dt− λ (t1) ya (6.159)

In this derivation λ (t0) ya (t0, a) must be zero because of the initial condi-

tions on y (t, a). Setting a → 0 for the necessary conditions and collecting

terms yields

J ′ (0) =

∫ t1

t0

[(fx + λgx + λ′) ya + (fu + λgu)h] dt− λ (t1) ya (t1, 0) = 0

(6.160)

For optimality

∫ t1

t0

(fx + λgx + λ′) yadt = 0⇒ fx + λgx + λ′ = 0

⇒ fx + λgx = −λ′∫ t1

t0

(fu + λgu)hdt = 0⇒ fu + λgu = 0

(6.161)

and λ (t0) = 0. In addition, λ must be chosen to satisfy the state equation

x′ (t) = g (t, x (t) , u (t)) , x (t0) = x0 (6.162)

These conditions are the Pontryagin conditions with the Hamiltonian

Hamiltonian



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 121

Dynamic Optimality 121

H (t, x (t) , u (t) , λ (t)) = f (t, x (t) , u (t)) + λ (t) g (t, x (t) , u (t)) . (6.163)

The Hamiltonian is then used to define: (1) The Optimality condition

∂H

∂u
= fu + λgu = 0⇐

∫ t1

t0

(fu + λgu)hdt = 0 (6.164)

which depicts optimality with respect to the control variable. (2) the Mul-

tiplier condition

− ∂H

∂x
= − (fx + λgx) = λ′ (t)⇐

∫ t1

t0

(fx + λgx + λ′) yadt = 0 (6.165)

which depicts the optimality with respect to the state variable. And (3)

the Equation of Motion or state equation

∂H

∂λ
= x′ (t) = g (t, x (t) , u (t)) (6.166)

from differentiating J (a) with respect to λ. In addition, x (t0) = x0 and

λ (t1) = 0 (the transversality condition).

In addition, the necessary conditions include

Huu (t, x∗, u∗) ≤ 0 for a maximum, and

Huu (t, x∗, u∗) ≥ 0 for a minimum
(6.167)

Example 6.12. Show that optimal control yields the same solution as

the calculus of variations. First, we transform the traditional calculus of

variations into an optimal control problem as

max

∫ t1

t0

f (t, x (t) , u (t)) dt

s.t. x′ (t) = u (t)

x (t0) = x0

(6.168)

First deriving the Pontryagin conditions

H = f + λu
∂H

∂u
= fu + λ = 0

−∂H
∂x

= −fx = λ′

(6.169)
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Differentiating the optimality condition with respect to time yields

dfu
dt

= −λ′ (6.170)

Substituting this result into the multiplier or costate equation yields

fx =
dfu
dt

(6.171)

Substituting in the equation of motion for the control variable then yields

the Euler equation

fx =
dfx′

dt
(6.172)

To complete the demonstration, the costate condition at t1 also implies that

fx′ = 0 since λ (t1) = 0.

Example 6.13. Consider the problem

max

∫ 1

0

(x+ u) dt

s.t. x′ (t) = 1− u2, x (0) = 1
(6.173)

Forming the Hamiltonian

H = x+ u+ λ
(
1− u2

)
⇒


∂H

∂u
= 1 + 2λu = 0

−∂H
∂x

= −1 = λ′

∂H

∂λ
= 1− u2

(6.174)

Solving the Costate condition

λ (t) = 1− t (6.175)

The Optimality condition then implies that

1− 2 (1− t)u (t) = 0

u (t) =
1

2 (1− t)
(6.176)

Finally, using the equation of motion

x′ (t) = 1− 1

2 (1− t)2

x (t) = t− 1

4 (1− t)
+

5

4

(6.177)
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6.4.2 Sufficiency of Optimal Path

In the calculus of variations, the first and second order necessary conditions

were also sufficient. That is if any solution obeyed the Euler equation and

the Legendre condition, the path was optimum. The Legendre condition

basically imposed concavity on x and x′. Similar conditions hold for the

optimal control formulation. Assume that x∗ (t), u∗ (t), and λ (t) for the

optimum control formulation from Equation 6.150 satisfy the optimality

conditions in Equations 6.164, 6.165, and 6.166 along with the transver-

sality conditions

λ (t1) = 0, λ (t) ≥ 0. (6.178)

These conditions imply that the optimal path is feasible. To establish

sufficiency, we must establish

D ≡
∫ t1

t0

(f∗ − f) dt ≥ 0 (6.179)

If f is concave in (x (t) , u (t)) then

D ≥
∫ t1

t0

[(x∗ (t)− x (t)) f∗x + (u∗ (t)− u (t)) f∗u ] dt. (6.180)

By the multiplier equation

f∗x = −λ′ − λgx (6.181)

by the optimality condition

f∗u = λg∗u

∴ D ≥
∫ t1

t0

[(x∗ − x) (−λ′ − λgx) + (u∗ − u)λg∗u] dt
(6.182)

Focusing on (x∗ − x) (−λ′ − λgx)

(−x∗λ′ − xλ′) + (x∗ − x) (−λ′gx)∫ t1

t0

x∗λ′dt = x∗λ|t1t0 −
∫ t1

t0

x∗′λdt

= x∗ (t0)λ (t0)−
∫ t1

t0

g∗λdt

(6.183)
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Substituting this result back into the expression for D yields

D ≥
∫ t1

t0

[λg∗ − λg − (x∗ − x) (λgx) + (u∗ − u) gu] dt

=

∫ t1

t0

λ [g∗ − g − (x∗ − x) gx − (u∗ − u) gu] dt

(6.184)

Since λ ≥ 0

g∗ − g − (x∗ − x) gx − (u∗ − u) gu ≥ 0

⇒ g∗ − g ≥ (x∗ − x) gx + (u∗ − u) gu
(6.185)

With the later condition being met if g is concave in x and u.

6.4.3 Interpretations

Consider

V (x0, t0) = max

∫ t1

t0

f (t, x (t) , u (t)) dt s.t. x′ (t) = g (t, x (t) , u (t))

(6.186)

remember

J =

∫ t1

t0

[f (t, x (t) , u (t)) + λ (t) (g (t, x (t) , u (t))− x′ (t))] dt (6.187)

which is identical to the formulation that yielded the Pontryagin conditions

∴ V (x0, t0) =
∫ t1
t0

[f (t, x∗ (t) , u∗ (t)) + λ (t) g (t, x∗ (t) , u∗ (t))−
λ (t)x∗′ (t)

]
dt.

(6.188)

What we want to consider is a perterbation to the initial state x0 + a as

depicted in Figure 6.8. Integrating by parts yields

V (x0, t0) =

∫ t1

t0

[f (t, x∗ (t) , u∗ (t)) + λ (t) g (t, x∗ (t) , u∗ (t))−

x∗ (t)λ′ (t)] dt− λ (t1)x (t1) + λ (t0)x0

(6.189)

Evaluating this expression at x0 + a yields

V (x0 + a, t0) =

∫ t1

t0

[f (t, x (t) , u (t)) + λ (t) g (t, x (t) , u (t))− λ′ (t)x (t)] dt

+λ (t1)x (t1) + λ (t0) [x0 + a]
(6.190)
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Fig. 6.8 Constant Perturbation in Optimal Path

The difference in the value functions can then be derived as

V (x0 + a, t0)− V (x0, t0) =

∫ t1

t0

[(f + λg + λ′x)− (f∗ + λg∗ + λ′x∗)] dt

+λ (t0) a− λ (t1) [x (t1)− x∗ (t1)]
(6.191)

Using a Taylor series expansion

(f + λg + λ′x)− (f∗ + λg∗ + λ′x∗) = (f∗x + λg∗x + λ′) (x− x∗)
(f∗u + λg∗u) (u− u∗) +R2

(6.192)

Therefore

V (x0 + a, t0)− V (x0, t0) =

∫ t1

t0

[(f∗x + λg∗x + λ′) (x− x∗) + (f∗u + λg∗u)] dt+

λ (t0) a− λ (t1) [x (t1)− x∗ (t1)] + h.o.t
(6.193)

Applying the optimality and multiplier conditions, and using the transver-

sality condition that λ (t1) = 0, we have
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V (x0 + a, t0)− V (x0, t0) = λ (t0) a+ h.o.t. (6.194)

By definition of the derivative

dV (x0, t0)

da
= lim
a→0

λ (t0) a

a
= λ (t0) (6.195)

6.4.4 Several Variables

There is little change in the optimality conditions for the control problem

of several variables. The only real change in complexity is the solution of a

system of differential equations. Assume that we have a problem with two

state variables and two control variables

max

∫ t1

t0

f (t, x1 (t) , x2 (t) , u1 (t) , u2 (t)) dt

s.t.x′1 (t) = g (t, x1 (t) , x2 (t) , u1 (t) , u2 (t))

x′2 (t) = g (t, x1 (t) , x2 (t) , u1 (t) , u2 (t))

x1 (t0) , x2 (t0) fixed

x1 (t1) , x2 (t1) free

(6.196)

Again assume that we have optimal paths x∗1, x∗2, u∗1, u∗2 around which we

are going to form a variation. Assume

u1 (t) = u∗1 (t) + ah1 (t)

u2 (t) = u∗2 (t) + ah2 (t)
(6.197)

Thus, we have a variation around the optimal path controlled by a. The

deviation is independent through hi (t). Hence, there are two state paths

consistent with the equations of motion

y1 (t, a) =

∫ t1

t0

g1 (s, x1 (s) , x2 (s) , u1 (s) , u2 (s)) ds

y2 (t, a) =

∫ t1

t0

g2 (s, x1 (s) , x2 (s) , u1 (s) , u2 (s)) ds

(6.198)

such that y1 (t0, a) = x1 (t0) and y2 (t0, a) = x2 (t0).
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A.1 Canonical Form and Null Spaces

To demonstrate the meaning of null space matrices, I first want to discuss

the use of canonical forms. A canonical form is a solution to an underiden-

tified system of equations. For example in a crop selection model we may

have a land and a labor constraint

x1 + x2 + x3 + x4 + x5 = 100

2x1 + 3x2 + x3 + 4x4 + x5 = 250
(A.1)

The matrix operations used to reduce this matrix to a row reduced form

are

(
1 0

−2 1

)(
1 1 1 1 1 100

2 3 1 4 1 250

)
=

(
1 1 1 1 1 100

0 1 −1 2 −1 50

)
(A.2)

The operation in Equation A.2 subtracts 2 times row one from row two.

The leading element of the second row of Equation A.2 is a 1 (or the next

matrix operation would be to multiply by an identity matrix replacing the

second element of the second row with the inverse of the leading term.

However, given the result on the right hand side of Equation A.2 the goal

is to subtract the second row from the first

(
1 −1

0 1

)(
1 1 1 1 1 100

0 1 −1 2 −1 50

)
=

(
1 0 2 −1 2 50

0 1 −1 2 −1 50

)
(A.3)

The result on the right hand side of Equation A.3 is a canonical form

representing a solution to the system of equations. Specifically, x1 = 50,

x2 = 50, x3 = 0, x4 = 0, and x5 = 0 solves the system of equations. In

127
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addition, the solution says something about maintaining feasibility in the

nonbasic variables. Taking the columns from the nonbasic, or zero-level,

variables we can form a homogeneous set of equations (Ax = 0)

2x3 − x4 + 2x3 = 0

−x3 + 2x4 − x5 = 0
(A.4)

This system has the reduce form

x3 + x5 = 0

x4 = 0
(A.5)

so any solution where x3 = −x5 maintains feasibility, or satisfies the equa-

tions.

A technical definition of the null space is the set of solutions of the

linear equations Ax = 0. However, a fuller understanding of the null space

involves a discussion of dimension. To define the system of linear equations

more rigorously

Ax = b⇒


A ∈Mn×m
x ∈Mm×1

b ∈Mn×1

(A.6)

where M denotes the set of matrices (or linear spaces).In the common

parlence we have a system of n equations with m unknown values. In the

most interesting null space n < m or the system is underidentified (or not

all the levels of the variables are determined by a given level of right hand

sides [b]). The system is overidentified if n > m which implies that the

system is potentially inconsistent (i.e., not all the equations or constraints

can be solved with the same set of variables [x]).

In order to ”solve” this system (assuming that the rows of A are linearly

independent) we know that we must have at least m nonzero variables in

the canonical form. The null space of the matrix A is the same diminsion

as the number of free variables. Taking the first three variables from the

above example

x1 + x2 + x3 = 100

2x1 + 3x2 + x3 = 250
(A.7)

the reduced form for Equation A.7 is
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(
1 0 2 50

0 1 −1 50

)
(A.8)

Notice that any change

∆x1 +2∆x3 = 0

∆x2 −∆x3 = 0
(A.9)

is still feasible. For example, if ∆x3 = 10 ⇒ ∆x1 = −20 and ∆x2 = 10.

Then x3 + ∆x3 = 10, x1 + ∆x1 = 30, and x2 + ∆x2 = 60 yieldin

x1 + x2 + x3 = 30 + 60 + 10 = 100

2x1 + 3x2 + x3 = 60 + 180 + 10 = 250
(A.10)

The null space is basically a line in 3 space which shows how the variables

can be traded to maintain feasibility.

Expanding to the first four variables of the original model

x1 + x2 + x3 + x4 = 100

2x1 + 3x2 + x3 + 4x4 = 250
(A.11)

which yields a reduced form

(
1 0 2 −1 50

0 1 −1 2 50

)
(A.12)

Again we note that

∆x1 +2∆x3 −∆x4 = 0

∆x2 −∆x3 +2∆x4 = 0
(A.13)

In this case, the null space is a plane in 4 space. If ∆x3 = 1 and ∆x4 = 5

the

∆x1 = −2∆x3 + ∆x4 = 3

∆x2 = ∆x3 − 2∆x4 = −9
(A.14)

which maintains feasibility.
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A.2 Determinant

Just to make sure that you haven’t picked up any bad habits, the determi-

nant of any n × n matrix can be derived by expanding down any column

or across any row of the matrix

∣∣∣∣∣∣∣∣
a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

∣∣∣∣∣∣∣∣ = (−1)
1+1

a11

∣∣∣∣∣∣
a22 a23 a24

a32 a33 a34

a42 a43 a44

∣∣∣∣∣∣+

(−1)2+1a21

∣∣∣∣∣∣
a12 a13 a14

a23 a33 a34

a42 a43 a44

∣∣∣∣∣∣+ (−1)
3+1

∣∣∣∣∣∣
a12 a13 a14

a22 a23 a24

a42 a43 a44

∣∣∣∣∣∣+

(−1)
4+1

∣∣∣∣∣∣
a12 a13 a14

a22 a23 a23

a32 a33 a34

∣∣∣∣∣∣

(A.15)

where

∣∣∣∣∣∣
a22 a23 a24

a32 a33 a34

a42 a43 a44

∣∣∣∣∣∣ = a22

∣∣∣∣a33 a34

a43 a44

∣∣∣∣− a32

∣∣∣∣a23 a24

a42 a43

∣∣∣∣+ a42

∣∣∣∣a23 a24

a33 a34

∣∣∣∣ (A.16)

The eigenvalues of a matrix A are then defined as the solutions to the

equation

|A− λI| = 0 (A.17)

where I is the identity matrix. One example of the use of eigenvalues is

from differential equations

dv
dt

= 4v − 5w, where v = 8 at t = 0
dw
dt

= 2v − 3w, wherew = 8 at t = 0
(A.18)

Another way to write this problem is

u (t) =

[
v (t)

w (t)

]
, u0 =

(
8

5

)
, A =

(
4 −5

2 −2

)
. (A.19)
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Thus,

du

dt
= Au (t) , u (0) = u0. (A.20)

We are looking for solutions of the form

u (t) = eλty

w (t) = eλtz.
(A.21)

Substituting this solution into the system of differential equations, we have

(
λeλty

λeλtz

)
=

(
4eλty − 5eλtz

2eλty − 3eλtz

)
. (A.22)

Next, we divide through by eλt yielding

(
λy

λz

)
=

(
4y − 5z

2y − 3z

)
orλ

(
y

z

)
=

(
4 −5

2 −3

)(
y

z

)
⇒ λx = Ax (A.23)

which is the definition of the eigenvalues (λ) and the eigenvectors (x)

Ax− λx = 0

(A− λI)x = 0
(A.24)

where the eigenvalues of x lie in the null space of the matrix

A− λI =

(
4− λ −5

2 −3− λ

)
. (A.25)

More intuitively, we know that the matrix

(
4− λ −5

2 −3− λ

)
(A.26)

is singular by definition of the eigenvalue.

Given the existence of eigenvalues and eigenvectors, it is possible to

derive the diagonal form of the matrix

S−1AS = Λ =


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λn

 (A.27)
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where S is a matrix whose columns are the eigenvectors

S =
(
x1 · · · xn

)
AS =

(
λ1x1 · · · λnxn

)

AS −
(
x1 · · · xn

)λ1 · · · 0
...

. . .
...

0 · · · λn


(A.28)

Therefore, S−1S = I, AS = SΛ, S−1AS = Λ, and A = SΛS−1.

Notationally, in [Gill et al. (1981)] the eigenvalues of A are written

as { λi [A]} . Pi (A) is the product of the eigenvalues, and Π (AB) =

Π (A) Π (B). If A is symmetric (i) all the eigenvalues of A are real numbers,

and (ii) the matrix has n distinct egenvalues. If A is nonsingular then all

its eigenvalues are nonzero and the eigenvalues of A−1 are the reciprocals

of the eigenvalues of A. The maximum and minimum eigenvalues satisfy

λmax [A] = max
x 6=0

x′Ax

x′x

λmin [A] = min
x6=0

x′Ax

x′x

(A.29)

A.3 Norms

A vector norm which will be denoted ‖ x‖ , must satisfy three properties:

(1) ‖ x‖ ≥ 0 for all x and ‖ x‖ = 0 if and only if x is the zero vector, (2)

for any real number δ, ‖ δx‖ = |δ ‖ x‖ , and (3) for any two vectors x and

y, ‖ x+ y‖ ≤ ‖ x‖ + ‖ y‖ . Our basic definition of the p-nor is

‖ x‖ p =

(
n∑
i=1

|xi|p
)1/p

. (A.30)

From our discussion of the optimality conditions (Equation 2.11), we de-

rived

f (x)− f (x∗) = ∇xf (x) dx+
1

2
dx∇2

xxf (x) dx′ ≤ 0 (A.31)

where ∇2
xxf (x) denotes the matrix of second derivatives or the hessian

matrix. Equation A.31 implies for optimality
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‖ ∇xf (x)‖ p → 0. (A.32)

The matrix norm is analogously defined with the additional property

that (4) ‖ AB‖ ≤ ‖ A‖ ‖ B‖ .

Another value of the norm is a discussion of the stability of the matrix.

For example, what are the properties of the solution of Ax = b if we perturb

the x vector?

A (x+ δx) = (b+ δb)

x+ δx = A−1b+A−1δb.
(A.33)

Noting that x = A−1b we subtract x and take the norm of each side

‖ δx‖ =
∥∥ A−1

∥∥ ‖ δb‖ . (A.34)

Given that ‖ b‖ ≤ ‖ A‖ ‖ x‖ by the orginal equation, we have

1

‖ x‖
≤ ‖ A‖
‖ b‖

(A.35)

Multiplying both sides by the inequality involving the perturbatin (δ), we

get

‖ δx‖
‖ x‖

≤ ‖ A‖
∥∥ A−1

∥∥ ‖ δb‖
‖ b‖

. (A.36)

This number ‖ A‖
∥∥ A−1

∥∥ is the condition number of A denoted cond (A).

Since

1 = ‖ I‖ ≤ ‖ A‖
∥∥ A−1

∥∥ (A.37)

cond (A) ≥ 1. If the condition number of A is large, the matrix is ill-

conditioned. If the condition number is small, the matrix is well condi-

tioned. Well conditioned systems are stable (i.e., small pertbuations do not

greatly affect the solution), but the solutions of ill-conditioned matrices

tend to have large perturbations.
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A.4 Matrix Factorizations

The matrix factorization A = LU involves reducing a matrix into a lower

diagonal matrix L and an upper diagonal matrix U . The LU factorization

is computed by a set of elementary row operations. Taking the matrix

A =

 2 1 0

6 2 6

−4 −3 9

 . (A.38)

The first series of row operations to reduce the matrix in Equation A.38

to an identity matrix involves subtracting 3 times row one from row two

and adding 2 times row 1 to row 3. In matrix terms, this operation can be

depicted as an the elemental matrix E1 defined as

E1 =

 1 0 0

−3 1 0

2 0 1

 (A.39)

The resulting matrix A2 = E1A1 becomes

A1 =

 2 1 0

0 −1 6

0 −1 9

 . (A.40)

The second elemental matrix is then

E2 =

1 0 0

0 1 0

0 −1 1

 (A.41)

which yields the upper triangular matrix ( A2 = E2A1 )

A2 = U =

 2 1 0

0 −1 6

0 0 3

 . (A.42)

The lower triangular matrix is then defined as

L = E−1
1 E−2

2 =

 1 0 0

−3 1 0

2 −1 1

 . (A.43)
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The usefulness of the decomposition is twofold. First, the LU factor-

ization is a quick way to solve large systems of equations. First, note that

the solution of the system of linear equations Ax = b for b =
(

1 5 3
)′

is

x =
(
−5/2 4 1

)′
. If we start with the augmented system of equations

(
A b

)
=

 2 1 0 1

6 2 6 5

−4 −3 9 3

 (A.44)

operating using the same sequence of elementary matrices used to generate

the LU decomposition above

(
A b

)
=

2 1 0 1

0 −1 6 2

0 0 3 3

 (A.45)

In this system, the solution of the original equations is accomplished by

taking the last equation first

3x3 = 3

x3 = 1
(A.46)

Given that x3 = 1 the next equation up in Equation A.45 becomes

−x2 + 6 (1) = 2

x2 = 4
(A.47)

The first equation then completes the solution

2x1 + (4) = 1

x1 = −5
2

(A.48)

The second major use is in the cholesky decomposity. If a matrix is

symmetric and positive definite, it can be decomposed so that A = PP ′.

Using the matrix

A =

 7 3 1

3 4 0

1 0 2

 (A.49)

First, we need to determine whether the matrix is positive definite. The

eigenvalues of the matrix are 2.5572, 1.4841, and 8.9587 so the matrix is

positive definite. Following the procedure above, we derive the L matrix as
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L =

 1.0000 0.0000 0.0000

0.4286 1.00000 0.00000

0.1429 −0.1579 1.0000

 (A.50)

with the upper triangular matrix

U =

 7.0000 3.0000 1.0000

0.0000 2.7143 −0.4286

0.0000 0.0000 1.7895

 (A.51)

Noting that the diagonal of the L matrix is 1 and the diagonal of the U

matrix are greater than zero, suppose that we constructed the matrix

D−1 =

 0.1429 0.0000 0.0000

0.0000 0.3684 0.0000

0.0000 0.0000 0.5588

 (A.52)

which is one over the diagonal elements of the U matrix. Multiplying D−1U

yields L′.



December 10, 2020 9:44 ws-book9x6 Static and Dynamic Optimization ws-book9x6 page 137

Appendix B

MINOS 5.6 Application

Text states that we need to develop Quadratic1.f and Quadratic1.SPECS)
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