Lecture V: Graphical Derivation of Demand
Curves

Charles B. Moss
April 23, 2014

I. Readings for Next Lecture:

A. Becker Lecture 9 —10
B. Landsburg Chapters 12 — 13

IT. A Brief Rejoinder from Utility Maximization

A. Returning to the basic Lagrangian form from Lecture 4

L =U(qa,qs) +X(Y —paga — psqs) (1)

suppose we take the change in Equation 1 with respect to the
exogenous variables, those variables we cannot control

AL = AAY — qaApa — qsAps. (2)

Without getting too burried in the calculus, it is important that A
is the marginal utility of income given that the constraint is met

AL —\— ApA _ Aps
AY ~ T WAy T B Ay

A[U(ga,as) =AY —paga—psgs)l _,  Apa  Aps
AY NN

Given that Apa/AY =0, Aps/AY =0, and Y —paga —psqs =0
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AU (ga,qs) — A (Y — paga — psqs)] _avu (qa,qs)
AY AY

B. An alternative formulation involves solving for the constraint.

= (4)

1. Starting with the basic utility maximization problem

AU (. AU (.
AU (qa,qs) = Aqi)AQAJr Aqg)AQS (5)

2. Next, we solve for the changes in g4 and ¢g that are consistent
with the constraint

AY =0 = paAqa + psAgs

Ps
= Agqq = —Ags
pA

3. Substituting this result back into Equation 5

AU () [ps ] AU ()
AU (qa,qs) = 22 Ags| + Ags=0. (7
(QA qS) N qs Ags qs ( )

"Solving” Equation 7 for any Ags then implies
AU(.)p_S _ _AU(.)

Aqa pa AT
AU (.) (8)
AC]A PA
= = =
AU (.) ps
Ags

4. The result is the same as that developed in Lecture 4 (with
the exception of the negative sign).

II. Graphics of Utility

A. Tt is important to remember that the utility function that we have
been using is actually a 3-dimensional function as depicted in Fig-
ure 1. The value of utility is typically increasing as the quantity
of consumption increases.
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Figure 1: 3 Dimensional Utility Function

B. If we take a slice of the utility function — holding x5 = 50 we get
a concave surface as depicted in Figure 2.

C. Looking down onto the utility frontier from above is what gives
us the standard isoquant (the combinations that yield the same
level of utility) view of the utility surface depicted in Figure 3.

ITI. Development of Demand Theory

A. The Effect of Income - Engel Curves

1. The first step in developing demand relationships from prefer-
ences is to analyze the effect of changes in income the behavior
of a rational consumer.

2. As depicted in Figure 4, increases in income lead to the in-
creased consumption of at least one good.
a. As depicted in Figure 4, the amount of z; demanded by
the consumer increases at an increasing rate as income
increases.

b. Also as depicted in Figure 4, the amount of x5 demanded
increases at a decreasing rate.
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Figure 2: Utility for One Good
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Figure 3: Isoquants
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Figure 4: Changes in Income

c. In the venacular of economics good x; is a superior good
while x5 is an inferior good.

d. Inferior goods are typically necessities — like food.

e. Food typically obeys Working’s Law

wr=a+Fn(Y). 9)
The share of food in the consumer’s budget declines with
an increase in the natural logarithm of income.

B. Marshallian Demand Curves — The Effect of Changes in Price

1. The second step is to consider a change in the price for one
of the goods.

2. In this case, we assume that the price of x5 declines causing
the budget line to rotate as depicted in Figure 5.

C. Hicksian Demand Curves — Adjusting for Implicit Changes in In-
come

1. The total change in the demand for the commodity can be
decomposed into two changes:
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Figure 5: Changes in Price — Marshallian Demand

a. The shift from ps to p, implies an income effect — the point
(x3,27) is on the Expansion Path or the Engel Curve
in Figure 6.

b. Mathematically,

Azy (p1,p2,Y) = %ApﬁWApﬁd?—Y(')AY-
(10)

Setting Ap; = Apy = 0, dividing through by AY, and

then multiplying the left-hand side by a form of one Y/Y x

332/.’E2

Axy (p1,p2, Y) o dxy () Z@

AY T dY Yo,
dzs (11)
A932 (plaanY) _ ) x ﬁ
AY v "y
Y
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Figure 6: Change in Price — Hicksian Demand

Defining
d$2
_ Tg T2P2
Y

as the income elasticity of demand and ke = z9py/Y as
the income share of good 2

Ax D2, Y
2 QXYPZ )P2 = Moko (13>

D. Demand Curves - Own Price Effect

1. The Marshallian and Hicksian Demand functions are pre-
sented in Figure 7.

2. The Hicksian demand function is steeper than Marshallian
demand function — the price substitution is higher once the
income effect is removed for most goods. Mathematically

€& = €3 + ks (14)
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Figure 7: Effect of Own-Price Change

where €, is the overall elasticity of demand, € is the Hicksian
elasticity (the pure substitution term), and 75 is the income
elasticity.

3. Equation 14 is typically referred to as the Slutsky decompo-
sition.

E. Demand Curves — Cross Price Effect
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Figure 8: Effect of Cross-Price Change
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