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Separating Classes

@ There must exist ag with 0 < ap < 1 which separates the
classes.

e Thus, ag will be such that for a < «g the resulting bundle is in
Class I,
e And if & > ag then the resulting set is in Class Il.

@ First consider ag in Class I.
e Specifically, we start by trying to generate a new point such
that a > a , but w < wy.
e In this case (1 — ag) up + oo < Wy
o Using3:Bleu<w < v=au+(l—a)v<w for some «
7((1—040) Uo+040V0)+(1—’y) Vo < Wp (1)

since w < vp.
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e Continued
e Therefore by the combining axiom

Y ((1 — Oéo) up + OéoVo) + (1 — ’}/) Vo
= YUp — YQoUp + YaoVo + Vo — YVo (2)
= 7(1—ao)uo+ (1 —7(1-ao))w
e Hencea=1—79(1 —ap) < ap3:0<vy <1 belongs to I.
e This forms the contradiction, so that w cannot be preferred to
wy if a < .
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Separating Classes Class Il

@ Second, consider g in Class Il

e Like the scenario above, we begin by generating the counter
point that o < ag , but w > wy.
e Then

(1 — Oéo) up + agvp = Wo (3)

again substituting a linear combination of g for the bundle w.
e Applying 3:B:d

u-w>v=au+(l—a)v>w (4)

for some o with 0 < v < 1.

v ((1 = @) o + covo) + (1 — ) uo > wo (5)
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Separating Classes Class Il

e Continued
e Again, we combine applying the combining axiom

v ((1 — ap) up + caovo) + (1 — ) wo
= G — YU + Yoo Vo + Up — kG (6)
= (1 — yao) uo + oo vo

Note that as v — 1 this expression becomes w == wy.
However, note that the convergence is from above.
Specifically, if v < 1 there is more weight on the (1 — vyayg)
term (—vyag becomes less negative).

Letting o = yap.

(1—a)uy+av = w (7)

Thus, a > ag which contradicts the original conjecture that
a < ag.
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@ There are some limitations.
e First the numerical representation is for a utility interval
g < w < v, not for all w simultaneously.
e Second, the numerical representation of A:B and A:C has not
been correlated with our requirement 3:1:a and 3:1:b:
e lrau>v— V(u)>V(v)
e 3:I:b V(au+(1—a)v)=aV(u)+(1—a)V(v)
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Mapping to Utility Space

Mapping to Utility Space

A. A:D Let ug, vg such that ug < vp . For all w in the interval
ug < w < vy define the numerical function

F (W) = fupuo (W) (8)
f defined on the interval [ug, vp] as
1. f(UO) =0
2. f (Vo) =1

3. f(w) =« for w % ug, vo. Corresponding to the « that divides
the set of bundles into Class | and 1.
B. A:E This mapping (w — f (w)) has the following properties
1. It is monotone

2. ForO< g <land wzu f((1—0)u+ Bw) = 5f(w)
3. For0<f<land w# v
(=B u+pBw)=1—5+4Bf(w)
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Mapping to Utility Space

A:D is a definition, we must prove A:E and A:F.

Starting with A:E:1 w — f (w) is monotone.

For up < w < vg the mapping is monotone by A:B

a—=sw=(l—a)u+av (9)

is a one-to-one and monotone mapping.

Thus, all w of this interval are mapped onto numbers between
Oand1(0<a<1l).
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Mapping to Utility Space

@ Thus, all w of this interval are mapped onto numbers between
Oand1 (0 <a<1).

@ A:E:2 for w~ vy, f((1— B)up+ Bw) = B. For
W vy =up<w=<vy, wr(1l—ap)u + av.

e By 3:C:b

a(fu+(1-Bv)+(1l—-a)veyv+(1—9)va:y=af
(10)

3Caau+(1—a)ve(l—a)v+au.

(1-=Bu+pw=(1—-p5)u+L((1—a)u + aw)

~ (1 — pa)uy + Pavy (11)

@ This is the combining that we have used over and over again.
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Mapping to Utility Space

@ Therefore by A:B

f((1—B)u+ Bw) =ab =p{asa — 1} (12)
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Mapping to Utility Space

e A:1 Consider a mapping w — f; (w) with A:D:1, A:D:2, and
either A:E:2 or A:E:3.
e Defining the original mapping as w — f (w).
e a — 1 (a) where 9 («) is a point in preference space.

o a5 £ (4() = 6 (a).

The first part of this expression oo — fi (w) maps the
probability measure from preference space into a function
defined on the consumption bundle.

Next, we substitute in the inverse mapping set based on
w—=a=f(w)<a=1v9(a) (13)

Since A:1 and A:2 fulfill A:D:1 and A:D:2 = A:5 ¢(0) =0

and ¢ (1) =1.

Since both A:1 and A:2 fulfill A:E:2 and A:E:3 = A:6

#(Ba) = Bp(a) { by A:E:2 }, and A:7
#(1—B+pa)=1-+B¢(a){ by A:E:3 }.
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Mapping to Utility Space

o Letting o — 1, { ¢ (af) = Bo(a),¢(a) — 1}
o AB4(5) =5
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Mapping to Utility Space

@ A:G Let ug, vy be fixed as above and let ag < Sy and w be
fixed with ug < w =< vy. For all w in the interval define the
numerical function g (w) = g5% (w)

g (w) = (bo — ao) f (W) + o (14)
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