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Basic Utility

Basic Utility

@ A typical economic axiom is that economic agents
(consumers, producers, etc.) behave in a way that maximizes
their expected utility. The typical formulation is

max U (x1, x2)
(1)

st.pix1 +pax2 <Y

x1 and xp are consumption goods and Y is monetary income.
In decision making under risk, we are typically interested in
the utility of income U (Y). How do these concepts relate?
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Basic Utility

@ The linkage between these two concepts is the indirect utility
function which posits optimizing behavior by the economic
agent. Specifically, assuming an Cobb-Douglas utility function
the general utility maximization problem can be rewritten as

B
max xi*x
X1,X2 172 (2)
st.pix1+pxo <Y
@ Due to the concavity of the utility function, the inequality can
be replaced with an equality. The maximization problem can
then be reformulated as a Lagrangian

L= Xf‘xzﬂ + A (Y — p1x1 — p2x2) (3)
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Basic Utility

@ The first order conditions are then

oL x5
ot _ %

—Ap1 =0
oxq X1 PL
oL 4
8 /BX1 X2 o p2 =0 (4)
X2

L
%ZY*P1X1*P2X2=0

Taking the ratio of the first two first order conditions yields

Xp = Bxip1 (5)
a p2
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Marshallian Demand
Basic Utility

@ Substituting this result into the third first order condition
yields the demand for x; as a function of prices and income

x| (P1,P27Y):;Z<aiﬁ> (6)

Using this expression for xj in the result derived from the ratio
of the first order conditions yields the Marshallian demand for

X2
(e V) =+ () )
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Marshallian Demand
Basic Utility Indirect Utility Function
Expenditure Function

Indirect Utility Function

@ The Marshallian demand curves can be used to derive the
indirect utility function

V (prpe, V) = (aig)ﬂ% () (i)ﬁ ®)

This indirect utility function relates utility directly to income
and prices assuming optimizing behavior.
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Marshallian Demand
Basic Utility Indirect Utility Function
Expenditure Function

Expenditure Function

@ The expenditure function, like the indirect utility function,
examines the implications of optimizing behavior. However,
the expenditure function determines the minimum income
required to provide a given level of utility. Mathematically, the
expenditure function is given by the solution of

min p1xi + p2x2
X1,X2

(9)

s.t.xlaxg > U*

The Lagrangian for this problem becomes

L= pua +poxo+ 1 (U= i) (10)
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Basic Utility
Expenditure Function

@ The first order conditions for this problem are then

oL x5
—— =p1—pa—=2 =0
8x1 X1
oL a B
87:,32_”5@:0 (11)
Xo X:
oL
o =U" - xlaxzﬁ =0
Again, taking the ratio of the first two first order conditions
yields
o = P10 (12)
pa2&x
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Basic Utility
Expenditure Function

@ Substituting this result into the third first-order condition
yields

8
U (B2 o (13)

B
Xt = ur <p2a>
p13
The optimum level of x; given a fixed level of utility and

prices (the Hicksian demand curve) is then

B

1 o ots
< (p1, pa, U) = U (’;ﬁ) (14)
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Basic Utility
Expenditure Function

@ Similarly, the Hicksian demand for x, is

B
& (p. pa, U) = Ut (”5) ’ (15)

pac

Substituting these expressions into the budget constraint
yields the expenditure function

I
e(p1>p27 U) = p1Ua+ﬁp1 a+ﬁp;+6aa+5ﬁa+5+

a
P2 U a+B p p a+ﬁ a+6 ﬁ a+p
_o 1 B s 8 _B_ 1
= plaJrB UoHrB p2&+ﬁ o otB Bi a+p + p2a+6 UoHrﬁ prrﬁ ai aiﬁ Baiﬁ

/6 (o]
= Ui pf T a T BT (a4 )
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Basic Utility
Expenditure Function

@ Note the duality between the functions. Starting with the
expenditure function

1o« B 4 B
e(p1, p2, U) = Uas# pp ™ p7*Pa" a3 f7a%5 (a4 ) = ¥
Upgpia®B " (o + B)= = Y7
R a1
U=p;p, a“B" (a+ B)ats Yats

(o) (B
V(P1>P27Y)—<pl> <p2> (a+5)$

(17)
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Expected Utility

Expected Utility

@ The importance of these relationships for risk analysis involves
the relationship between expected utility and the certainty
equivalence function.

e Next time we will discuss the concepts involved in expected
utility analysis. For now, assume that economic agents behave
to maximize their expected utilities.

e Implicitly, this says that an economic agent is indifferent
between two risky alternatives that yield the same expected
utility.

o If we let one of the alternatives be a risk-free alternative then
the economic agent is indifferent between two alternatives agp
and a; if the utility from the certain action equals the
expected utility from the uncertain action.
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Expected Utility

A
Uy)
Utility of a,
U*
Expected Utility of a,
,Certainty Y

Equivalent
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Expected Utility

@ Simplifying the indirect utility function by ignoring the price
term yields the power utility function

Yl—r
11—
Assume that a risky investment has a Bernoulli distribution
paying $150,000 with probability .6 and $50,000 with
probability .4. What is this investment worth? First, assume
r = 0.50 then the expected utility of the gamble is

U(Y) (18)

1 1-0.5 1-0.5
(150,000~ (50,000)

E[U(M] =061 1-05

= 643.64
(19)
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Expected Utility

@ To compute the certainty equivalent of the gamble
yl-r

- 1—r

(1-rU=ylr

U

(20)

(a-nur =Y
[(0.5)643.64]05 = Y = 103,569.20

Note that the expected value of the gamble is $110,000. This
implies a risk premium of 110,000-103,569.20=%6,430.78.
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